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INTRODUCTION

TLe Blementary M=zthematics Guide—K-7 was prepared to assist elementary
teachers in planning and directing a logical, sequential program in modern mathe-
matics. Attention is invited to the first section of the Guide which sets forth
reasons for the developmenl of a new guide in elementary ma'.hematxcs

_‘ The Guide outhnes basic ideas used in elementary malhematxcs and includes
teaching suggestions for developing understanding of these ideas. The Statement
of Objectives lists ideas and skills which most children might be expected to

©__acquire at a given grade level. The forn: in which tlme objectives are presented

was designed to give a pncture of sequential development of mathematical ideas
and skills throughout the elementary school and to mdu.ate scope of emphasis at
eaeh grade level. e : y

Intumve undemandmg of mathemathal ideas whlch children alrea.ly possess
is used as the basis for developing greater ccmpetence in the use of numbers to
oommumcate ideas and to solve problems. Physical models are used to introduce
new 1deas and to prowde ooncrete means for solvmg mm‘ er problemns.

Apprecmt:on is expxessed toa oommmee of elassra m teachers, elementary

" " principals and supervisors, college pemmnel and stafl members of the Elementary
.. Education Service of the State Department of Education, which worked over &

~ period of three years to prepare the Guide. Appreciation is also expressed to other
 teachers, principals, and supervisors who joined members of the committee in
" summer w_orlrshups_ devoted to the preparation of material incorporated in the
Gl.lide. ‘ " f" hb R b PP . ' ‘ - .

" WoopRow W. WILKERSON
- Superintendert of Public Instruction
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Mathematics for the Elementary School

POINT OF VIEW

A scientific and technological society demands more
and better training in mathematics for its citizens. The
needs in such a society and the changes in mathematics
itself require changes in the teaching of mathematics at
all levels. Curriculum changes in the elementary school
have not, however, been as drastic as popular opinion
concerning the “new math” might lead one to expect.
A sound curriculum in modern mathematics for the
elementary school is distinguished by two major char-
acteristics:

The mathematical content of the program and
An approach to teaching that is consistent with the
best that is knowa about learning.

MATHEMATICAL CONTENT

Traditionally the curriculum in the elementary school
was called arithmetic since it was centered around com-
putation with whole wumbers and fractional numbers.
Now we speak of mathematics in ths elementary school
because it has become apparent that the content may be
made more meaningful and better continuity provided
by the introduction of new topics.

The major new content for clementary school mathe-
matics consisis of sets and set language, properties of
the various sets of numbers, number sentences, georn-
etry, and a variety of numeration systems. Much of
this new content has as its main purpose the improve-
ment of understanding of the usual content of arith-
metic.

The use of sets and set language helps to clarify and
make more precise the concept of number. The
union of disjoint sets of objects provides a model
for the addition of numbers. Separating a set of
physical objects provides a concrete model for sub-
traction of numbers.

The ideas and language of sets provide the vehicle
for the study of geometric ideas. All geometric fig-
ures may be viewed as sets of points. A line is a
set of points; a sphere is a set of points; a circle is
a set of points. Through the study of sets of points
and relations among them children can describe with
precision and clarity the shape of objects found in
their environment.

The use of sets and set language enables teachers
to focus attention on the various number systems
that are studied in clementary school—the set of
natural or counting numbers, the set of whole num-
Q

ERIC

Aruitoxt provided by Eic:

bers, the set of fractional numbers and the set of
rational numbess. A study of the unique properties
of these various scts of numbers and their applica-
tions helps the child see the value of each.

Introduction and use of the properties of the various
nuvitber systems give meaning to the learning of
number facts and computational algorithms. The
closure, commutative, associative, distributive, iden-
tity and inverse propertics are basic laws which pro-
vide the predominant structure for number Systems
used by elementary children.

For example, to find the sum of 7 and 8, the child
may think: “I need 3 of the 8 to put with 7 to make
10; 7 + 3 = 10; and 5 more is 15.” The associative
property is the basic reason for changing the
T+ + 5 to(7+ 3)+ 5 tc meke the adaition
fact easier.

To find the product of 7 and 8 a child may thirk:
“7 eights is (5 + 2) eights. This is
(5 X 8) + (2 x8) =40+ 16 or 56.” Naming
(5+ 2) x 8as (§ X 8) + (2 x 8) utilizes the
distributive property.

To find the product of 3 and 4—;—, the distributive

property is used to name

3x(4+%)as(3x4)-i:gx%) =

12+ l—l-orl3
2 2

When we think of structure in work with numbers
in the elementary school, we think of properties of
the number systems (closure, commutative, associa-
tive, identity, inverse and distributive) and charac-
teristics of the numeration system (base, digits, place
value, and position). Together these provide the
basic reasons or main ideas around which a learner
organizes his thinking and from which he deduces
facts and computational algorithms. Heavy cmphasis
on the properties does not imply that elementary
teachers begin with structure. Instead, by repeated
use of the properties, the structure emerges in the
child’s mind. Many experiences, ranging from the
intuitive and concrete to the sbstract, in using these
key ideas build for the earner a sense of their im-
portance and reel value,

Use of number sentences, including equations and
inequalities, helps in solving word problems. A use-

4. ok, el 1oty e N
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ful first step in solving a problem is translation of
the physical situation into the mathematica. lan-
guage of a number sentence. The language of
mathematics contains symbols comparable to the
nouns, verbs and phrases used in other communica-
tion. A situation which requires the equal appor-
tionment of three dozen cookies among eighteen
children, when translated into a number sentence,
- may-becnme:
bl .
(B%x12)+18=(] or N= (;—’l‘éﬁ)

Solving the problem then becomes a matter of com-
pieting familiar opzrations.

The use of both equations and inequalities also
hizlps in estimating computations. The cost of three
and one-half cozen eggs at fifty cents per dozen may
be quickly estimated by the following inequalities:

315 x5 > 3%X500r$1.50

3%x50 < 4% 500r$2.00

Geomietry in the elementary school is the study of
positions and locations in spzce. A position or Joca-
tion is viewed as a point. Space is the set of all
points. Through the study of geomctry greater un-
derstanding of shapes in the physical environment is
obtained. For example: A soap bubble is a physical
model for a set of points called a sphere. The inter-
section of a spherc and a planc

passing through the center of the

sphere is a great circle. The great

circle is ti'c route for the shortest

distance betweea any two points

on the carth’s surface, <

Geometry is necessary for precise and correct
development of concepts of measurement. Length,
fot example, is a number of units obtained by com-
paring a given line segment with a chosen unit. The
length of AB is $ units,
using the unit shown. Area
i$ a number of units ob-
tained by comparing a unit
region to a given region.
The area of parallelogram
region ABCD is 5, using
the square region shown as B ‘ C
the unit. By stressing the
association of numbers with
geometric objects in niea-
surement and through the unit
use of a number line, a helpful model is provided

Av—aoa + » B
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for whole numbers, fractional numbers and opera-
tions on them.

Through the study of a variety of numeratinn sys-
tems, children are helped to broaden their view of
essential characteristics of numeration systems and
to appreciate the rich historical background of
mathematics. Naming the number of members in
s:t A as 12,,,—one set of six
and 2 more— gives contrast to
the base ten in the numeration
system which we use, when | * X X
12, names the number of | X X X
members in set B. Naming the
number 4 in Roman numerals
as IV shows the use of sub-
traction in a numeration sys-
tem which contrasts with the | ¥ x X x x
use of only addition in the | X X X X X
decimal place value system.
The introduciion of other nur-
eration systems tii's broadcns
and deepens a fundaiental mathematical idea and
provides one avenue for building interests and appre-
ciations.

A

The new content described above is believed te make
mathematics more meaningfal for the learner. The new
content also cnables he clementary school to provide
for better continuity as students study more and more
mathematics. However, the new content does not con-
stitute the major portion of the elementary school
mathematics curriculum. The dominant emphasis will
continue, as in the past, to be the study of whole num-
bers and fractional numbers. AT . 4

Zatb=b+2 \

. axb=bXa l \
Spiral Development ),.f_ pulynl __“ h‘

\ f3+2= 2+(-3)\
Mathematical Content | | 2y X 4=4 X (3) /Y\

"."'_":-

With the goal to provide /2 3 2 \*
ever-expanding views of /> 3Y3° -4— \ll
central mathematical ideas, 5 4 4 5 N
content is spiraled from ‘\_ X —=—XZ 7]

grade to grade. Ideas are & S5_ 3 5,7
=':.':'_=~( A

introduced at a given grade,

U
redeveloped and deepened ¢ 2 3 3
in subsequent grades. For \\+3 2 x4 x3 22,70

example, the commutative,
associative and distributive
properties for additicn and
multiplication of  whole
numbers are developed in-
formally and experimentally
in the early grades. They
are later named and used

T
2Xx3=3X2 )f\

4

N+H2=24L07 Y
@ o oo =,
2 Q010 Q7

COMMUTATIVE PROPERTY
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as basic reasons for algorithms Then as the set
of fractional numbers is studied, properties for ad-
dition and multiplication are viewed again for applica-
tion to fractional numbers. Likewise, when the set of
integers, the set of rational numbers and the set of
real numt-rs are studied, properties for addition and
multiplication ars again verified. With each successive
extension of the number system, the goal is to ascertain
which propertics fit operatic- s on the new numbers and
which properties arc new for the extended number
systems.

A numeration system with base of ten is introduced
in grade one by grouping objccts into sets of ten. Place
value is then introduced. The basic notation of base
and place value are spiraled throughout the curriculum
with the goal of deepening the level of generality and
abstraction. The use of expanded notation, expanded
notation with exponents, Roman numerals, other an-
cient numeration systems, and other bases with place
value are examples of the spiral natur: of numeration.
As long as a person continues the study of mathe-
matics, patterns will be gencralized and abstracted at
more sophisticated levels.

Symbols The introduction of new topics into
and the content of elementarv school
Vocabulary |  mathematics has made necessary the
i use of new symbols and new vo-
cabilary. While vocabulary and symbols are uscful in
the communication of ideas in mathematics, the intro-
duction of new terminology is secend to the develop-
ment of understanding of the designated idea. For
example, the names of propertics of number systems—
closure, comniutative, associative, identity, inverse and
distributive-—should be delayed until the student has a
reasonable degree of understanding of the ideas. There
should be opportunity to talk about tie idea, to use if,
and then to learn its pame for oral and written use,
This procedure is equaliy true for symbols—the use of
braces to denote a set, and the symbols denoting union
and separation; for the inequalities symbol: denoting
“is greater than” and "‘is less than"; and for such new
vocabulary in geometiy as linc scgment, closed path.
plane region and space: region.

While there is a slight increase in the total number
of technical words and symbois in general use, certain
words that have been in the program have been deleted.
Some words deleted, such as “minuend,” “subtrahend,”
“multiplicand” and “multiptier,” have doubtful value
for the learner and are not maintained in subscquent
mathematics courses. Other deletions such as ‘“‘bor-
rowing” and “carrying” have been raade because they
tend to convey misleading ideas.
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Terminology is an integral yart of the content of
elementary school mathematics, but i{ introduced be-
fore uaderstanding is developed, it may handicap or
inhibit devclopment of ideas. Ry the age of nine or
ten many children arc interested and have readiucss
for new terminology. However, caution should be
excrcised to insure that words and symbols do not
become confused with mathematical content.

APPROACH TO TEACHING

Development of Undcrstanding. One main goal of
modern mathematics in schools is the development of
greater understanding on the part of pupils. Greater
understanding means looger retention. better applica-
tion of new ideas. and improved power in rcasoning
and problem solving. This has been a goal for mathe-
matics education for many years arl much of the
present movement is toward the further -calization and
delineation of this goal.

Development of Competence in Computation. Con-
comitant with the goal of understanding is the develop-
ment of compctenze in  computation. Subsequent
mathematical ideas are more difficvlt, if not impussible,
to de clop without skill in cemputation. The skill to
be expected by the teacher must vary with individual
pupiis. ¥nowledge of pupil maturity, and the mathe-
matical or social necd for the skill determine expecta-
tions set by the teacher.

Experiences witk Concrete Materials, In developing
understanding of mathematics and competence in corni-
putation it js jinportant that a child’s first experience
with any new topic be rclated to his previous back-
ground znd experience. For many naw topice puoils
need to handle and manipulate physical abiects to pro-
vide . xperience neceded to make the transition to ab-
stract ideas. For example, cxperience which the child
has in physically moving sets of objects together pro-
vides foundation for developing the coacept of addi-
tion. Much svch physical combining is needed for thz
learner to make a smooth transition to imagined com-
bining of objects and finally to the abstraction. In the
primary grades wkere formal work in miaking the tran-
sition from concrete objccis 10 abstraci ide.s begins,
it is important that each child have manipulative ma-
terials at hand which he is free to use at any time to
help in the discovery of a number fact or the verifica-
tion of a mathematical idea.

Transition from Concrete to Abstract. As pupils’
concepts become more mature, the need for experience
with conctete materials decreases because they are able
to use previous ideas to learn new ones. However, the
transition from concrete to abstract should not be too



abrupt. Many children may need to work from time
to time with sets of objects or physical models in order
to re-establish understanding or to visualize a new
concept. The teacher should encourage interplay te-
tween concrete and abstract for purposes of application,
redevelopment and review.

Involvement of Pupils in Instructional Goals. It is
generally agreed that those goals which children ac-
cept as their own are most effective in motivating lcarn-
ing. Helping children set worthwhile goals is difficult.
They more readily accept instructional goals when
there is interest in the topic, when the topic is related
to Jamiliar ideas, when application of knowledge and
skill can be inade to their own lives or when a chal-
ienge is accepted. Having set a goal, children must
have opportunity to gain a sense of achievement. The
teacher should guarantee this sence of achievement for
each pupil who exerts a reasonable amount of effort.

Involvement Through Discovery. It is the goal for
every child in the class to become actively involved in
the learning process. An atmosphere of discovery helps
achieve this goal. In a discovery oriented ciass, teach-
ers ask thought provoking questions, wait for responses
from children and build subsequent questions around
these responser. Such questions may lead pupils step-
by-step toward a desired conclusion or they may be
open-ended to provide freedom and flexibility in the
way learners approach problems. Encouraging children
to talk about ideas gives teachers an inside view of
thinking and also gives a child insight into his own
thought processes. There is ego reinforcement when
sorneone listens.

Acceptance of Varied Responses. In a class where
discovery by pupils is valued, teachers must be willing
to accept a variety of responses. For example, a teacher
may ask: “Can you us¢ a whole number to tell what
part of the region is colored?” Some pupil may reply,
“Yes, the number 3.” Another may reply, “Yes, the
number 5. Both pupils show understanding of the
question.

The teacher must recognize this degree of upder-
standing and proceed with other questions. The
teacher may then ask: “Does the number 3 tell what
part of the region is colored or does it tell the numnber
of pieces?” “Does the number 5 tell the total number
of pieces or the part that is shaded?” Through recog-
nition of the thinking reflected in the variety of re-
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sponses, the teacher leads pupils to see that the num-

ber -:;— shows the part that is shaded. The fractional

number :';— is identified by using the whole numbars 3
and 5 but is not a whole number itself.

Variely in Algorithms. 1In a class where understand-
ing is vaiued, teachers encourage the use of longer
algorithms. For example, the algorithms in A and in
B are longer but may be more meaningful than the
shorter one. When pupils are introduced to the com-
pact algorithm, transitiom from the longer to the shorter
form must be smooth and understandabie for the
learners. For some pupils transition to the more ab-
breviated algorithm C may be omiited completely
without harm.

[
A 25 B 25 | C 25
5 4231030 42)1050
20 840 84
42)1050 210 210
840 210 210

20

3
25

Understanding Followed by Practice. Questions and
classroom discussion are vital in developing under-
standing of an idea or procedure and are necessary
predecessors of practice. Practice that follows should
provide for varied use and application of the topic.
Work done by a child must be checked carefully by
the teacher as soon as possible to insure success for
the learner and to provide the teacher with information
for further planning. Systematic review work is neces-
sary if the topic is to remain in the learner’s repertoire,

Acceptance of Difference in Achlevement. In any
classroom teachers should expact wide variation in
pupil responses and achievement. From some students
the teacher should expect more insightful answers to
questions and more astute observations. From others
teachers sh.uld 2spect insight not so deep nor observa-
tions so profound. But from all pupils teachers can
expect growth from year lo year in mathematical ma-
turity, competence in computation and ability in prob-
lem solving.
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Bevelopment of Problem Solving Attitude. In mathe-
matics it is a goal for pupils to develop a problem
solving attitude. This attitude is encouraged and sup-
ported by a discovery oriented classroom where prob-
Jems are posed by teachers and by pupils, If a prob-
lem engages pupils, the cnsuing activity points in the
direction of solving it. This is problem solving in its
broadest sense.

Solution of Word Problems. A proper subset of the
set of problems that engage pupils is the set of verbal
or story problems which illustrate applications of
mathematics. Applications are drawn from everyday
experiences of pupils and of people they know. Where
feacible, applications from other subject aieas, such as
science und social studies, are to be sought and ex-
ploitec. With each problem the goal is to select the
mathematical model that fits the practical sitvation.
The mathematical model, such as addition, is often
stated as a number sentence. See Problem Solving,
page 153. The choice of a number sentence to express
the mathematical model forces papils to give atteation
to the ana'vsis of the problem rather thcn plunging
blindly into computation with the hope that the answer
is currect. For many puvils, practical applications pro-
vide the prime motivation fcr studying mathematics.
This phase of problem solvin, then, must continue to
receive emphasis in a sound elementary scheui pro-
gram.,

When enough time is spent on manipulation of con-
crete objects, discussion of ideas, utilization of varied
pupil responses, solution of practical problems and
appropriate practice, mathematical content makes serse.
When content makes sense, the child becomes actively
involved in the learning process and builds a firm
foundation of competence on which to move ahead.

Evaluation, a Reflection of All Goals. Evaluation of
the outcomes of the teaching of mathematics must give
attention to all goals and must use techniques that focus
on appropriate pupil behavior. If teachers aim t aive
attention to goals of understan'ing as well as 10 gu.Js
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of computation, then evaluation must reveal degree of
undeistanding as well as degree of skill in computation.
If the development of active, or lifelong interest in the
study of mathematics is a goal for elementary school
children, then means for determining extent and growth
of interest must be devised and used. If understanding
and appreciation of the cortributions of mathematics
to civilization-—past, present and future—is a goal,
then avenues must be opened to emable childien to
communicate or deronstrate interest, understanding
and appreciation.

Standardized tests and other paper and pencil tests
should continue to be used to assess both understand-
ing and skill in coraputation. Equally important is the
use of observations and oral questions as children
manipulate concrete materials, work independently on
practice material or explore ways to solve problems.
Interviews or discussions with individuals or small
groups may reveal understanding of basic ideas or
operational procedure, attitudes toward the study of
mathematics, or appreciation of the part played by
mathematics in the development of the modern world.

Evaluation of this type makes less demand on
teachers to correct papers after school. Instead, the
teacher assesses progress in the classroom by watch-
ing children at work, checking papers as work goes
on and analyzing questions and oral responses. Evalua-
tion which becomes an individual process related to the
growth that a child has made and the help that is
needed as he develops understanding and skill cannot
be reduced to a sco.z or letter grade that merely in-
dicates the number of correct answers on a written
lesson.

Evaluation, a Basis for Planning Instruction. The
real purpose of evaluaiion is the assessment of strengths
and weaknesses to enable the teacher to plan sub-
sequent instruction more effectively. Machines and
testing devices are helpful in collecting data on strengths
and weaknesses, but no machine can make the kind of
assessment which helps a child move shead. Only a
knowledgeable, sensitive teacher can do this.
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MATHEMATICAL STRANDS WITH TEACHING SUGGESTIONS
SETS AND NUMBERS

A set is a collection of things so described or defined that it is possible to determinc that a particular thing
is a member or element of the set. Sets of objects have been used for many years to help children to count and
to answer questions involving the idea of “how many.” Not all sets have the same properties but all sets have the
property of number. The idea of number is a central theme of the school mathematics program.

Ideas of sets and efementary notions of set theory are used to develop and expand the concept of number in
this guide. All sets which can be matched in cne-to-cne correspondence share 2 common property of number,
Numerals are names and symbols assigned to a particular number property.

Numbers can be used in a cardinal sense to answer questions of how many. They can also be used in an
ordinal sense to answer questions of which one. When elements of a set are arranged in a definite order, an ordinal
number describes the position of an element in the given set, as a student s third in Fne or he is reading page
20, the twentieth page.

Although the study of number is extended in this guide to inciude the set of ratjonal numbers, emphasis in
elementary school is concentrated on the set of whole numbers and the set of fractional or positive rational
numbers.

Mathematical Ideas Illustrations and Exglanations

The Meaning of a Set

A set is a well defined collection. The

collection may consist of physical ob- A . 3 9
jects, alike or unlike, or abstract ideas,

alike or unlike. The things in a set

L 7
are usually called elements or yem- A . °
bers. A set is well defined if a given 2% 3 !

object or idea may be identified as
belonging to or not belonging to the

set.
Conventionally, set elements are en- Set A= A.. or A= A..
closed in braces and the set is named M9 -m P

by a capital letter.

The elements of a set may be listed
individually or identified by a de- C=(59713,1) C= All odd numbers
’ less than ten

scriptive phrase,

One ‘o-one Correspondence

Two sets A and B are in one-to-one
correspondence if each element in A
can be matched with a single ele-

ment in B and each element in B can Set S Set P Set N Set C SetB

be matched with a single element

in A, The members of Set S and Set P are matched in one-to-one corres-
pondence.

The members of Set N, Set C, and Set B src in one-to-one corres-
pondence with each other.

Q 6
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Mathematical Ideas

Itustrations and Explanations

The fundamental basis for the con-
cept of number is one-to-one corre-
spondence or pairing of the elements
of one set with the elements of an-
other set. Before man devised a sys.
tem of counting, he used one-to-one
correspondence to keep records.
Shepherds kept track of sheep ’
matching a pebble with a sheep.
record of time was kept by pairing
each day with a mark on a stick or a
stone.

Number

The one property shared by all sets
is the property of how many. This is
called the number property of the
sets.

Equivalent sets: If two sels are in
one-to-one correspondence, they are
said to be equivalent. Equivalent sets
have the same cardinal number.

Non-equivalent sets: If two sets are
not in one-to-one correspondence,
they are non-equivalent sets and have
different cardinal numbers. The set
containing more members has a card-
inal aumber greater than the cardinal
number of the other. The sct with
fewer members has a cardinal number
less than the other.

O

ERIC
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One-to-one correspond=nce is the idea involved in set equivaience
and can be used in developing a sound coucept of number.

SetR Set Q

SetZ

The number property of Set S above, for example, is 3.

The number property of Set R above is 5.

All other sets in one-to-one correspondence with Set S have the same
number property or cardinal number, 3.

All other sets in one-to-one correspondence with Set R have the same
number property oy cardinal number, 5.

Sets A and B are in one-to-
one correspondence. The cardi-
nal number of each is 3.

\_{
[\
Set Y SetZ

L {a, e 1, o, u}

N {1, .4, 5)

Sets L and N are in one-to-
one correspondence. The cardi-
nal number of each is 5.

Set Y has more members than

Set Z. Set Z has fewer elements
than Set Y. The cardinal num-
ber of Set Y is greater than the
caidinal number of Set Z.

The comparison of the numbers may be shown by using the symbol <

to mean is less than and the symbol

4>3

> to mean is greater than,

Four is greater than three.

3 < 4 Threc is less than four.

Also,

N(Y) > N(Z)
N(Z) < N(Y)

13-




Matlematical Ideas

Ilustrations and Explanations

When sets are arranged in order of
cne more than,$e cardinal numbers
of the sets are“ordered and become
the counting numbers.

Variables

A variable is a symbol that may be
replaced by any element from a given
set. Symbols such as [], A, © are
used in early grades and letters such
as n, x, or y in later grades.

The solution of a mathematical sen-
tence with variabies is the set of num-
bers that replaces the variables and
makes the sentence true.

When the variable in a sentence is re-
placed by an, element from the given
set, the sentence may be classified as
“true” or “false.”

When a given variable occurs more
than once in a sentence, the same ele-
ment is used for each occurrence of
the variable.

When different variables occur, they
may represent different numbers or
the same numbers.

Counting

Counting is the process of finding
how many elements there are in a set.
In counting, the elements of a set are
matched with the counting numbers
beginning with one. The last name

ERIC

Aruitoxt provided by Eic:

The N preceding the name of the sat ineans “the number property
of the set.”

This use of N is not the same as the use of 1 as a variable in
sentence suchasn 4+ 5 = 7.

(] 0%} (R kK] (hok, R k) Rk K K)
2 3 4 5

Examples from the set of whole numbers:

(O +2=9 This sentence is neither true por false. If f] is replaced
by 7, the ssntence reads 7 + 2 = 9 which is a true state-
ment. Thus 7 is a solution to the open senterce.

y—7=4 1If yis replaced by 9, the sentence reads 8 — 7 = 4
which is false. Thus 9 is not an element of the solution
set. However, if y is replaced by 11, the sentence reads
11 ~ 7= 4 and 11 i3 a solution.

5—8=n This sentence has no solution in the set of whole num-
bers. There is no whole number that can replace n such
that the sentence will be true. Hence, the solution is
the enpiy set.

Example from the et of integers:

5—8=n There is a number jn the set of integers that can replace
n such that the sentence is a true statemeat, namely -3.
Thus the solution is -3 because § — 8 = -3,

Examples from the set of whole numbers:

O X[ =36 O+0=12

' 6 X 6 = 36 6 + 6

{6} {6)
O+A=10 O A
8 2
Some pairs of numbers that make the 4 6
sentence true are shown. 0 10
3 s

5 g8 g0

The cardinal number of the set is “5.”

8
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said in one-to-one correspondence
of number names with elements of a
g set is the carrinal number of that set.
: This cardinal number nawes the num-
- ber property of the set.
" As elements of a set are counted, each January is the first month of the year.
. element is named in a definite order. . .
¥ The otder ot position of each element February is the second month of the year.
:{ is desiguated by an crdinal number. March is the third month of the year.
3 First, second, and third are ordinal numbers which specify the order
in which months are named in the year.
b :
Set Terminology
Equal sets: Two sets are equal if and A = {*) B = (*} A=B
) only if they contain exactly the same E={1,3,5} F={51,3) E=F
g members. 7 *
: C={2,4,6} D={3,57} C+#D
9 Set C and Set D are not equal. However, Set C is equivalent to Set D
: since the elements of Set C can be matched in one-to-one correspond-
- ence with the elements of Set D.
]
é When the symbol “=" is used in mathematics, it means is identical
. fo or is exactly the same as. For example, if A and B are sets,
3 A = B means Set A is identical to Set B. For numbers, 5+ 3 = 8
o means 5 + 3 represents the same number as 8 even though the
3 numerals “S + 3” and “8" are different. Likewise 1.2 means

that 15 names exactly the same number as -:— even though wls and

“-i—" are different fractions (symbols). The symbol 5% is used to

—

indicate is not identical to or is not exactly the same as.

Disjoint sets: Disjoint sets are sets

which have no members in common. John Bill
Jane Nell

Alice Jo
SetA SetB SetC SetD

Empty set: The empty set is a set { } The Set M is
containing no members or elements. an empty set.

Zero is the number associated with Set M

the empty set and is its cardinal

number. Another symbol for th> empty set is 3.

ERIC _
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Mathematical Ideas

Illustrations and Explanations

Subset: A subset of A is a set B
such that each element of B is an ele-
ment of A. Set B may contain every
element of Set A. By agreement, the
empty set is a subset of &ll sets.

Finite set: A finite set is a set whose
members ¢an be counted with the
counting coming to an cnd.

Infinite set: An inofinite set is a set
whose elements cannot be connted so
that the counting comes to an end.
There is no last number.

Set Operation

Unidon of sets: The union of two sets
is the set consisting of the elements
contained in either set or in both setr.

If an element is a member of both
scts, the element is listed only once
in the union of two sets.

The union of a set with the empty set
is the set itself.

A {Set of all boys in the
school.

B (Set of red-haired boys
in the school.

The set of red-haired boys js
a subset of the set of all boys
in school.

X Y Y

P z Z

Set B is a subset of Set A,

Set A SetB

i
D = (All days in the week)
C = {Mary, Jane, Jim}
N = {All whole numbers less than 6)

The set of all counting numbers
SetC{1,23,4,...}

The symbol ... is placed after the last element of an infinite set
to denote “continuation in this manner indefinitely.”

X X U Y — X X Y

X X Y - X X Y

Set A SetB Set C

Sets are joined, not added, and the symbol for set union is U.

{xxxx} U {yy)} = {m} Set A U SetB = Set C

The operauon of joining disjoint sets is the foundation for addmo

OO )

Set A AUB—-(Imno,p;

{A,B,C} U { } =(A,B,C)

The union of the empty set with another set may be used to establisk
zero as the identity element in addition.

10
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Mathematical Ideas Iastratiens and Explanatiors

Separation of sets: Set separation

involves partitioning members of a ' ‘ .
set to form subscts. '

Re

A set of five boxes may be separated into several pairs of subsets
such as:

3 boxes and 2 boxes

4 boxes and 1 box

5 boxes and 0 boxes
Separating a set into two subsets may be us:d 1o introduce the
idea of subtraction.

Jane ‘Ihe symbol for inter-
Sue secton is N,
Intevsection of sets: The intersection Set A - AND=Jon
of two sets is a set consisting of the Joe Bob Nell Sallie‘j
elements that ate common 1o the two
sets. Phil
Al {SetB

A = {Joe, Bob, Jan, Nell, Sallie}

B = (Jane, Sue, Jan, Phil, Al) Set C SetD
CnNnD={56}
q )
T
]
The interscction of two disjoint sets is
the empty sef.
SetE SetF ENF={(}

The ideas involved in the intersection of se's are used in many
topics in geometry.

Summoary of Sets of Numbers

Counting numbers: The set of count- Example: Natural Numbers

ing or natural numbers begins wih N={1,2345,...) 1 2
one and continues without end. L ) 1 | e —

-

The set of whole numbers: The set Example: Whole Numbers
of whale numbers consists of zero and wW=1(0,12234,5...)
all of the counting of natural num-

1
bers. - i 1 epeenimesmsel | e—r——

El{lC 1
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Mathematical Ideas

Justrations and Explanations

The set of intepers: The set of in-
tegers consists of the set of whole
j numbers and the set of negatives of
! the natural numbers.

The set of fractional numbers: The
set cf fractional numbers cons'sts of
numbers which are written in the

form —:— » where a and b are whole num-
bers and b + Q.

The set of rational numbers: The set
of rational numbers consists of num-
bers which can be expressed in the

a .
form of Y where a and b are inizgers

and & # 0.

The sets of counting
numbers, the whole numbers, the fra:-
tional numbers and the negatives of
all of these numbers are subsets of the
set of rational numbers.

The set of irrational numbers: The set
of irrational numbers consists of num-
bers that match points on a line and
which cannot be expressed in the

form%, where @ and b are integers,
b+0.

JeRiC

Aruitoxt provided by Eic:

Example: Integers
I=(..2,-10 41, +2,.. )
2 -1 0 1 2

e —————————————————etes—

Example: Fractional Numbers

05 7 4
F=!=>— =00
{3 6 8 2 }

2 -1 0 1 2
*—_—m—
9 51 4
3 <! 2
°1
Example: Rational Numbers 8
31,71
R= 3,", ) _’61 = _10"-
t 2°2 '6' 3 }
2 -1 0 1 2

e ——— s ————r—————————————
2

3 3

w
[SAE-S

1 2
2 2

wiw

2 1 3
3 3 2

Example: Irrational Numbers
The symbol V represents the square root of.

Since there is no rational number which when multiplied by itseY,
exactly equals 2, there is no rational representation of /2. However,
a rational approximation can be made to any desired degree of pre-
cision.

There is a point on the number line that corresponds to every rational
number, However, there are points on the number line that do not
corcespond to any rational number. One of these points js demon-
strated below.

~
N,
N\
111\
AN
’ \

P

By the Pythagorean Theorem the sum of the squares of the sides of a
right triangle is equal to the square of the hypotenuse. Applying
theorem to the above triangle the hypotenuse is /2. Using a compass
with radius equal to /2, and describing an arc to intersect the number
line, the point of intersection is /2, This point of intersection corre-
sponds to the number VZ. This same point doss not correspond to a
rational number.

12
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Mathematical Ideas Ilustrations and Explanations
The set of real numbers: The set of 2 1 0 1 2
real numbers COnSists Of T SOt O e ——————— A
rational numbers and the set of irra- "6 3 2 1 1 2 3 4 V2 8
tional numbers. There is a One-to-one 3 3 3 3 4 4 4 4 4
corresponderce between real numbers
and all points on the number line, For each real number there is a point on the number line. For cach

point on the number line there is a rcal number.

Elementary Aspects of Number T Even numbers: {0, 2, 4, 6, 8... .}
Even numbers: A whole number that 0=2x0
is the product of 2 and a whole num- 2=2x1
ber is called an even number, 4=2X2
6=2X3
8=2x4

Odd numbers: Any whole number Odd numbers: {1, 3.5,7.9,...}
that is not an even number is an odd

number. If a whole number is di- ; i 8 :: ?; : :
vided by 2 and yields a remainder of 5 ; 2x2)+1
1, the number is an odd number. 7=(2x3) +1

9=(2%X4)+1

Prime numbers: A prime number is The set of the first eight prime numbers = {2, 3,5, 7, 11, 13, 17, 19.}
a counting number greater than 1 that
has only itself and 1 as factors. With
the exception of the number 2, all
prime numbers are odd numbers.
There is no grcatest prime number.

Composite numbers: A composite
number is 3 counting number greater

than 1 that is not a prime number. The set of the first ten composite numbers = {4, 6, 8, 9, 10, 12, 14,

15, 16, 18.}
Prime factorization: Every composite Pairs of factors of 36 are shown on the second line (from the top) of
number can be expressed as a product the factor tree. Each factor that is not prime is factored again. The
of primes in exactly one way except prime factors of 36 are shown on the bottom row.

for the order in which the prime fac-
tors appear in the product. This is the 36 36
fundaniental theorem of arithmetic. / \ / \

"\
6 1 4 9
AN / /ﬂ /N I\
2 32 3 3; 2;\2 2 23 3

/2 / 9 36=2xX2X3X3=22 X3



Mathematical Ideas

Nlustrations and Explanations

The greatest common factor of two
counting numbers: The greatest com-
mon factor of two countingz pumbers
is the greatest number whick is a
factor of both given numbers.

The least common mulliple of a set
of counting numbers: The least com-
mon multiple (lc.m.) of a set of
counting numbers is the Jeast number
that is a multiple of the numbers.

ERIC

Aruitoxt provided by Eic:

There are two ways to find greatest common factors (g.c.t).
The g.cf. of 12 and 18 is the greatest number which is a factor
of both 12 and 18.

1. List the factors of both numbers and note the greatest factor com-
mon to them.

Factors of 12: 1, 2, 3, 4, 6, 12
Factors of 18: 1,2, 3,6, 9, 18
Common factors: 1, 2, 3, 6

gef. is 6.

2. Factor each number into its prime factorization,

12=2x2x3
18=2x3x3

The prime factors common to both numbers are 2 cnd 3. Then
2 X 3=6is the g.c.f. of 12 and 18.

To find the Jeast common multiple of two numbers:

1. List the counting number multiples of each number. Then note the
least multiple common to the numbers.
Example: Find the l.c.m. of 8 and 12.

Counting nuvmber multiples of 8: 8, 16 32, 40, 48 . . .
Counting number nultiples of 12: 12 36, 48, 60 . . .

The intersection of the two sets of multiples is the set of common
multiples: 24, 48, 72, 96 . . . The l.c.m. is 24.

2. Factor each number into its prime factors. The l.c.m. is the prodact
of the greatest common factor and the remaining factors.
Example: Find the l.c.m. of 8 and 12.

§=2x2x2
12=2x2x3

Greatest common factor is 2 X 2
The remaining factors are 2 and 3
lem.=(2Xx2)x2x3

lem. is 24,

To find the l.c.m. of three numbers:

1. Find the lc.m. of two of the numbers. Then find the lc.m. of
these two numbers and the third number. In a similar way, the
l.c.m. of fous or more numbers is found.

Example: Find the l.c.m. of 8, 17, and 15.

l.z.m. of 8 and 12 is 24
lem. of 24 and 15 is 120
Hence, l.c.m. of 8, 12, and 15 is 120.

14
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Mathematical Ideas Illustrations and Explanations

2. Divide the numbers of the sct by successive prime numbers until
all the quotients are one. If a number is not divisible by the prime
number, repeat the number on the next line.

2| 8 12 15
2[4 6 15
22 3 is
3| 1 3 15
5|1 15

i 1 1

Then the Lc.m. is the product of the prime divisors.
Lem. =2 X2%X2X3X5
= 120

Most attention is given in the elementary school to the positive rational numbers and zero. Although the
theory behind imaginary numbc - is beyond the scope of a guide for elementary school mathematics, ibe set of
imaginary numbers is included in the diagram below to indicate to teachers that later courses in mathematics may
extend the study of numbers to encompass the entire system of complex numbers.

Diagram of the Complex Number System

Imaginary Numbers

Complex !tumbers

Irrational Numbers

The Fractional
Numbers and the Negatives Numbe
of the Fractional Numbers Real Numbers

Negatives of the Rational Numbers
Natural Numbers

Intcgers

Zero

Whole Numbers

Natural Numbers
_

ERIC 1
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TEACHING SUGGESTIONS FOR SETS AND NUMBEFRS

The Meaaing of Set

Children enter school with some undersi~.ding of
sets. From familiarity with a pair of shoes, a set of
dishes, a bunch of carrots, a flock of birds, or a collec-
tion of rocks children recognize many synonyms for
the word set. Sets are recognized as crayons are placed
in boxes, books filed on shelves, pictures arranged on
bulletin boards, dishes placed on trays or children
grouped for games. Games may be developed to
identify and describe many more sets in the environ-
ment. Famitiar objects may be classifieC and grouped
by size, shape, color or use,

o

Although a collection may consist of more than one
cbject, the noun set is singular and refers to one
group. It is use of the idea of sct that is of real sig-
nificance in elementary mathematics. Over cmphasis
or over formalization of either set vocabulary or sym-
bols may, in fact, be detrimental in helping children ‘o
develop understanding of the important uses of sets in
number work and in geometry.

One-to-2ne Correspondence

As opportunity is provided for children to find their
own chairs, distribute books or materiais, match pairs
of objects or objects to pictures, understanding of one-
to-one correspoadence develops. Matching fingers of .
glove to fingers on a hand, of mittens to hands, of
hands to eyes, of eyes to ears, of feet to shoes arc
exataples of onc-to-one correspondence with which a
child is personally concerned. Many of the folk tales
with which the child is familiar, such as “The Three
Kittens,” “Goldie Locks and the Three Bears,” “Snow
White and the Seven Dwarfs,” capitalizc on the idea of
correspondence. As children dramatize these stories,
they reinforce ideas of correspondeisce.

From manipulation of concre{z objects teachers may
move to semi-concrete representation on felt boards or
bulletin board to extend understanding. Care should be
taken to show that the one-to-one correspondence exists
regardless of the position of elements within the sets.
Elements of sets arranged compactly may be scattered
or rearranged to present many different patterns. Den-
sity and arrangetnent tend to influence a child's per-
ception of one-to-one correspondence, Variety in kinds
and shapes of elements, arrangements of the elements
and ways in which sels are matched broadess the con-
cept of one-to-one correspondence. Equally important
is the need to provide opportunities for observation
and discussion as ideas of correspondence develop.

ERIC
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Number

Sound concepts of number develop slowly over long
periods of time. Since concepts grow from individual
manipulation and observation of phys’. J objects, it is
mandatory that provision be made for children to have
many experiences with concrete and semi-concrete ma-
terials to develop understanding of the number property
of sets.

R A4 E-(aa 0 ma
=4

G:{I,I,',l’l) J

A

F= (X, X,X}

=(h A4 4 A A,

H=(w, 0 @ @) K':[*,I,.,L,)(}

Although ideas of equivalence and non-equivalence
are developed almost simultaneously, it may be simpier
to introduce non-cquivalent sets first, particularly when
the two sets are obviously non-equivalent For ex-
ample, begin with sets such as A and B where com-
parison is obvious and move to other examples as
shown where careful matching is needed.

...: esreA ¢ ° ° ..:0

Sets should be arranged in many patterns—regular,
itregular, compact and scattered-—in order that the
number property of the set may not be confused with
the size of elcments or the amount of space occupied
by objacts in the set.

Counting

Care should be taken to see that number names are
learned in relation to concrete objects and that the
number names are ordered. Many children enter school
knowing number names and this knowledge should be
recognized and utilized. Songs such as “Ten Little In-
dians,” “One Polato,” “This Oid Man” and various

22
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counting rhymes and finger plays are helpful in order-
ing the namses. Counting as children march utilizes
rhythmic sense that reinforces lecining of number
names in order.

Although the terms cardinal and ordinal are not used
in elementary school, it is important that children be
able to use number in the cardinal sense of “how many”
and the ordinal sense of “which one.” In using num-
ber in the ordinal sease care must be taken to insure
that <hildren know where counting has started in estab-
tishing the order: left, right, up, down, front and back.
The cafeteria line may be used to show the importance
of a point of reference since it makes a difference
when a child is fourth from the front or fourth from the
back of the line.

The number name, four, mav also be used in the
ordinal sense of “which onc.” For example, the posi-
tion of the marked object, cnunting from the left can
be named as ‘‘three” or “third.” The context in which
names such as “three,” “six,” “ten,” are used will indi-
cate whether the number is ased in an ordinal or a

cardinal sense.
[ .

Set Terminology

Cquivalent sets; See Number, page 7.

Equal sets: The idea of equality may be most
effectively developed by rearranging elements in a
given set {o demonstrate that change in pattern in no

- sense changes the set since it still contains the same
members. Each new arrangement forms a set that is
equal to the original.

Empty sets: Meaning of the empty set may be de-
veloped through such activities as these:

1. Placing collections of materials n 4 of 5 con-
tainers (bags, covered borves, jars, pockets),;
leaving one container with no members and
pointing out that this set is called the empty
set,

2. Asking children to describe the sets in the room
which have no members. For example: the set
of boys with green hair, the set of elephants,
the set of girls two yeers old.

After the meaning of empty set is understood, zero
is introduced as the cardinal number of the empty set.
Activities similar 1o those described above may be used
by askinlg children to give the number of the set, stress-

©
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ing the fact that the number of the set with no meun-
bers is zero.

To develop further the idea that zero is the number
of the empty set, there may be a discussion of a series
of sets. Objects in & box may be counted to determine
the number >f elements in the set. Cbjects may be re-
moved one :t a time, counting after each removal to
establish the nimber then in the set. When all elements
have been removed, zero is established as the number
name of the set with no members, or the empty set.
“Zero,” not "none,” is the answer to the question,
“How mary meinbers in the empty set?”

Subsets: Such activities as thc following may be
usgd to develop the idea of subsets:

~ 1. Using children in the room as members of a
set then asking the subset of children wearing
glasses to raise hands; the subset of children
with blond hair to stand; the subset of children
with orange eyes to come to the front of the
room, efc.

2, Separating sets of objects into a variety of sub-
sels.

3. Using yain to encircle various subsets of felt
objects on the flannel board.

4. Describing the members of subsets of a given
set. For example, naming members of the
subset of months from June to December.

Infinite sets: While it is not important to teach the
terms finite and infinite, these jdeas are important in
developing the concept that there is no greatest count-
ing number. Even piimary children can understand
that there is always a next greater number.

In upper elementary grades children may be asked
to name the greatest number they know, then to de-
termine whather there is a greater number. After dis-
cussion of this they discover that counting gocs on and
on.

Sct Operation

Union of sets: The union of disjoint sets may be
illustrated by:

1. Having four boys join three girls to form a new
set of children.

2. Moving two rows of desks together to demion-
strate joining of sets.

3. Stringing sets of beaus.

4. Joining sets of objects or pictures on the flannel
brard or on the magnetic board.

e e e



Later children form the union of sets which are not
disjoint and may use sets whose members are words,
numbers, or geometric figures. For example:

A={1,315179} B=1{3629}
A UB=({1,3567 9}

Intersection of sets: The intersection of sets may be
illustrated by:

1. Asking childten in row one to raise hands,
asking children in column one tc stand, and dis-
cussing the one who is both standing and raising
his hand to demonstrate that this child is in the
intersection.

2. Discussing activities in which pupils participate
outside of the classroom: band, glee club,
science club, math club, or library club and
listing children who belong to the various
groups. Diagrams may bc made to illustrate
set intersection. For example:

M G

M = members of Math Club
G = members of Glee Club
A N B = {Mary, loc}

Mary and Joe belong to the intersection of sets
M and G.

3. Using a set of books with a set of pencils to
show that the intersection of two disjoint sets is
an empty set.

Books
Pencils

al
GNP={ }

Set union and separation are introduced in early
grades as foundation for the operations of addition and
subtraction. Excessive time spent on set symbolization
is to be avoided.

Separation of sets: 1deas telative to the separation
of sets may be developed by:

ERIC
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1. Giving each child a set of counters; asking that
these counters be separated into two sets.

2. Placing objects on the flannel board, and using
a ruler, pencil, or string to shov' separation into
subsets.

Summary of Sets of Numbers

This material is included to help teachers under-
stand that there is relationship between sets of num-
L: rs studied in elementary school and sets of numbers
which may be studied later. Intentionally. no teaching
suggestions are included in this section. Suggestions
refative to teaching those sets of numbers pertinent to
elementary mathematics will be found in other sections
of the guide.

E'"  ntary Aspects of Number Theory

1¢ and Com? osite numbers: An interesting
m.. Jd of separating the prime numbers from the
composite numbers is the Sieve of Eratosthenes. To
find prime numbers less than 50, first list all counting
numbers greater than 1 and less than 50:

Draw a ring around each prime number and cross
out each composite number. In this sense only the
prime numbers will not pass through the sieve. To
begin, draw a ring around 2 and cross out each multiple

of 2 thereafter. (If a number greater than 2 is a
multiple of 2, it cannot b~ prime since it has 2 as a

factor.)

@3/5/ Y S04
11 )13 15 Y17 ¥ 19 6
2 23 Y825 621 W29 N
31 3¢ 33 3435 36 37 3 39 4%
u1;443y451,6474849

Next, encircle 3 as a orime number and cross out
all multiples of 3 that remuin.

@@ 5 N7

N
n 13 }6’ 17 - 19
)f 23 25 2
A s owm

41 43

24
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Next, encircle 5 and cross out ail multiples of §

that remain.
o0 © -
13

17 19
3 29
31 » ¥

41 43 47 49

il

Of the remaining numbers, encircle 7 and cross out
its multiples.

O

ERIC

Aruitoxt provided by Eic:

All the remaining numbers are prime numbers and
may be encircled. This can be verified by attempting to

11

31

41

o0 60 O

23
37

43 47

19

29

e

factor them.

In similar fashion, the set of prime numbers less
than any specified number can be determined.
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NUMERATION

A numeration system is = means of naming numbers. It involves a set of symbols or nunierals and rules
for combining these numerals to name numbers. An efficient system of numeration is a significant achievement
for any people. It evolves as the result of ages of experimental manipulation of concrete objects, tally marks, and
symbols of various kinds. The ability to work with abstract symbols as representations of real objects s a distin-
guishing chaacteristic of civilized man.

A section on numeration is included in this guide primarily to cai: attention to five features of the Hindu-
Arabic decimal system which make it an efficient system of numeration:

1. Tke Hindu-Arabic decimal system uses a base of *en.

2. The system employs a finite set of symbols represented by the numerals or digits 0, 1, 2, 3, 4, 5, 6,
7, 8,9.

3. A place value based on powers of ten, increasing in value from right to left, js assigned to each posi-
tion in the numeral to represent numbers larger than 9.

4. Each digit in the numeral represents the product of the number it names and the place value assigned
to its position.

5. Each number named is the sum of the products mentioned above.

While other systems may have some of these characteristics, it is important to remember that the Hindu-
Arabic system includes all five, It is also important to note that a place value system makes it possible to extend
the numeration system to the right of the ones place so that any rational number may be represented.

The study of other systems of numeration is included in this guide as a means of providing deeper under-
standing and appreciation of the efficiency of the Hindu-Arabic system. These include systems that use a base
other than ten, those that use different sets of symbols, and those which do not employ place value. Use of bases
other than ten is to be found in tables of measurements in daily use: Base sixty in sixty seconds make one minute,
sixty minuies make one hour; base twelve in twelve inches make one foot; base sixteen in sixteen ounces make
one pound. Systems that use different sets of symbols are represented by Roman numeration and systems which do
ot employ place value by the Egyptian system.

Mathematical Ideas tltustrations and Explanations

Hindu-Arabic Decimal Numeration

System

Symbols: Basic s;inbols for numera- The finite set of symbols for th~ Hindu-Aravic systemn is {0, 1,2, 3,4,
tion are distinct, single characiers as- 5, 6, 7, 8, 9}. These unit symbols are commonly called digits.

signed to each whole number zero

through 9.

Base: The Hirdu-Arabic system em- Example:

Ploys the use of 2 sombination of two 1 5 3, 4,5, 6,7, 8.9, base. Using the first digit and 0, the base
or more symbols when recording num- becomes 10 which means 1 base and no units. In other numeration. *he

bers above 9. The numeral for the .
t t 1, y 9 4, , ) £y Iy 4 .
number which is one greater than 9 is z):“:l;] might be 23 Base, or 1,2, 3, 4, 10 (1 base ana ..o

called ten (10) and becomes the base
of the system. The Hindu-Arabic sys-
tem is called a decimal system of
numeratior because it uses a base of
ten.

20



Mt Lo P

Mathematical Ideas Thustrations and Explanations

Place Value: The Hindu-Arabic sys-
tem of numeration in addition to the
idea of base also employs a positional
: pattern in naming any number greater
than 9. The numeral for ten and all
succeeding numerals of two or more
digits are combinations made accord-
ing to this pattern. In the numeral 10
the digit 1 occupies the position of 1
¢ base and zero occupies the units® posi-
tion.

The numerals from ten to nineteen Example:
have been given unique pames.
. 10 1baseor(1 xX10)+0 Ten

. 1 (1x10)+1 Eleven

12 (1x10)+2 Twelve

? 13 (1x10)+3 Thirteen

1 14 (1x10)+4 Fourteen

i 15 (1%X10)+S Fifteen

‘i 16 (1%X10)+6 Sixteen

E, 17 (1 x10)+7 Seventeen

E- 18 (1x10)+38 Eighteen

; 19 (1x10)+9 Nineteen

i Unique names dcrivcd_ from riames 20 2basesor (2X 10) +0  Twenty

| leZd e b s o e i) 4

: ninety. 30 3x10)+0 Thirty

’ 40 (4x10)+0 Forly

; 50 (5% 10) + v Fifty

; 60 (6x10) +0 Sixty

"; 70 (7x10)+0 Seventy

'{ 80 (8x10)40 Eighty

¥ 90 (9x10)+0 Nincty

‘ 100 (10 x 10) Hundied
*The pattern used in counting from 1.9 continues with each multiple
of 10 beyond 20.

ERIC 2
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Mathematical Ideas Nlustrations and Explanations

Unique names have been assigned to Example:
cach group of. ten tens or hundt;lcds afs 1,000 (10 % 10 X 10) Thousand
f,:d) s“°°°o°d‘.“ P e s the left 10,000 (10 x 10 X 10 x 10) Ten thousand
it cﬁ:lft; 10 times the place value to 15,00 (10X 10 X 10 X 10 X 10) Hundred thousand
s .
l Billions / Millions / Thousands / Units /
] T
% ] X [ —
¥ g g [g2 < ~
Slelgl8]lels]8)zlsx[8xe Tlef
5 g IS
2L /SR [S[E ]S [§s[fs/El[§3

Two ideas are involved in the place value principle:
L. There is a number assigned to each position in the numeral.
2. Each digit represents the product of the ramber it names and the
place value assigned to its positior.

Zero: Zeto is the numeral used to de- Zero is the number of the empty set.

note the idea of “not any.”
A=(} N@A)=0

Zero matches the point on the number line which separates the set of
positive real numbers from the set of negative real numbsrs.

Zero is necessary in a numeration sys- Example: 1In the numeral 403, the zero indicates that there are no
tem which uses place value. Where 0 groups of ten in the numeral. The numeral, therefore, namas four
appeass in a numeral, it indicates not groups of one hundred, no groups of ten, and three ones of wnits.

any groups in the place which 1s held

by the zero.

Exponents. In the base ten decimal For example: [02=10 X 10

sys...n of numeration factors of ten
play an important role. 10 X 10 can 105 =10 % 10 % 10
be written 102, where the 2, calied the
exponent, indicates how many times 104 = <10Xx 10 % 10
10, the base, is used as a factor.
100 =10 X 10 X 10 X 10 = 10

For any number g, a~ indicates that a has been used as a faclor n

times.

10,000 1,000 100 )

10X 10x10%10 10X 10 X 10 10 x 10

! 104 102 102 )
22
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Mathematical Ideas

lilustrations and Ey planations

Any number {o the first power (having
an exponent of 1) is equal to the
number.

Any number (except zero) to the zero
power (having an ¢vponent of z:ro)
is equal to one.

Non-decimal Bases

The important features of place valve
systems of numeration are:

1. A base

2. The use of a finite set of symbols
3. The use of place value

4. The use of zero

The Hindu-Arabic system of numera-
tion uses the number ten as a base. The
choice of ten as a base is arbitrary.
Any other number, except zero and
one, can be used a, a base.

ERIC
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Following this pattern, 101 is 10 and 100 is [,

100=10 151=15
S5t= 5 81= 8

For any number a, at = a

Example:

100=1
50=1

For any number a, a » 0, a? = ,

150 =1
go=1

Example:

In summary:

6,543 = 6,000 + 500 + 40 + 3
= (6% 1,000) + (5 X 100) + (4 X 10) + (3 X 1)
=6x (10X 10X 10) + S X (10 X 10) + (4 X 10) + 3 x 1
= (6X103) + (5% 102) + (4 X 10!) + (3 X 100)

/103 / 107 / 105

L]

Example: The numeral 101, is read, “one zero one, base two,” and
indicates that instead of grouping by ones (units), tens, and ten tens,
groups of ones, twos and two twos are used.

Example: 10],,,=1 X (2X2)+ (0X2)+(1X1)

Note: Zero and one are the only symbols emplc yed in base two.

Example: 231,,,, =2X (4 X4) + (3 x4) + (1 X1}

d in base four. I

Examples: 98740010 =9 X (12X 12) + (8 X 12) + (7 X 1)
5e6imerre =S X (12X 12) 4- (e X 12) + (6 X 1)

Note: 0, 1, 2, 3 are symbols

Note: 0,1,2,3,...9,t,¢are symbols used in tase twelve. ]

23
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Mathematical Ideas

Illustrations and Explanations

Ancient Numeration Systerns

1::.2 Egyptian numeration system: The
Egyptian numeration system used the
number ten as a basis for grouping
(base ten). Place value was not em-
ployed since the numeration system
had no symbol for zero. Each group
of ten and each group of ten tens, etc.
required the creation of different
symbols.

The Roman numeration system: The
Roman numeration system uscd a base
ten but added symbols for five, fifty,
and five hundred so that numbers
could be recorded with fewer repeti-
tive symbols. Otherwise the Roman
system was znalogous to the 3gyptian
system.

ERIC
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Work in non-decimal bases should be limited. Its value lies in helping
students better understand the decimal system of notation by emphasiz-
ing the ideas of place value irrespective of base.

Example:
Nztnes For
Hindu-Arabic Egyptian Egyptian Symbols
1 / stroke

10 heel bone

100 coil of rope
1,000 lotus flower

N
%
10,000 Vi bent reed
<D

100,000 burbot fish
(¢)
1,000,000 jj) astonished man
Numerals:
Hindu-Arabic Fgyptian

121 20N
563 1NIN1%999 2nann

Order makes no difference since place value is not involved,

Hindu.Arabic Roman
1 1
S v
10 X
50 L
100 C
500 D
1,000 M
10,000 X
34,029 XXXIVXXIX
24
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- Mathematical Ideas THustrations and Explanations
3
E In order to simplify further the re- Numerals:
g cording of numbers the Roman system
1 did two things: Hindu-Arabic Roman
Employed the subtraction principle 463 = CDLXIII
by substiteting IV for IINT and XL
for XXXX, 400 = CD
Placed a ar over a part or all of a 60 = LX
Roman numeral to indicate multi-
plication by 1,000. 3 = 1
s
3 The Roman system has a practical significance since it is used for re-
: cording dates, in numerals on clocks, numbering chapters in books, and
in outlining.
3
L
i
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TLACHING SUGGESTIONS FOR NUMERATION

Hindu-Arabic Numeration System

Symbols: Many children are able to count sets of at
least five objects when they enter school and some may
even recognize a few number symbols. The extent of
this knowledge is easily determined. The problem then
becomes one of associating number symbols, both
words and numerals, with the number property of a set.

Ability to associate symbol with number may be
extended through such activities as the following:

1. Beginning with sets with a kncwn number of
objects ar.d matching them with cards showing
the numerals:

d. The numeral between 15 and 26 which repre-
sents a number divisible by 7, or which has
7 as a factor.

8. Giving time for children to invent game .
9. Writing numerals:

a. In order from 1 through 9

b. To make price tags

c. To play games

d. To keep score.

Base: Having learned to associate one of the nu-
merals 0-9 with the number property of the set which
it matches, children are ready to learn how numbers
larger than 9 are represented. The word ten has been
associated witl: the nur-oer of fingers on normal hands
or the number of toes an normal feet, but numerals

Front:
L2 |3 4 5
Back:

which say one more than nine or two more than nine
may not be recognized,

(Later word names may be added to the backs.

A set of cards should be available for each
child involved in the activity.)

2. Providing stencils for children to cut out sets
of numerals to use in games and activities like
those which follow.

3. Playing games where teacher holds up a set of
fingers and children match with the correct
numeral; where teacher holds up a numeral and
children match with sets of fingers.

4. Giving a numeral card to each child to find a
place in line.

5. Giving each child a group of rumeral cards to
arrange in order from least to greatest. or
greatest to least, or top to bottom.

6. Giving older children numeral cards of frac-
tional numbers with like, then unlike dcnomi-
nators, or decimal fractions to arrange in sc-
quential order.

7. Using old calendar pages and drawing a ring
around:
a. Different nunicrals as dictated

b. A numeral between two numerals: -5, 8-10,
15-17

c. The nunieral that represents the even num-
ber between 9 and 6, or 24 and 28

RIC
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Children work with such concrete materials as sticks,
crayons, blocks, acorns, paper clips, or other objects
which they have collected. It may prove helpful to be-
gin with objects that may be grouped as ! ten and 1
one, then as I ten and 2 ones, before introducing 1 ten
and O ones. The next step, the use of bead frames,
counting boards and abacuszs, should be followed by
use of semi-concrete materials, pictures or cut outs on
flannel board, to illustrate grouping by ten or base ten.

* * .
E
sl | )
* % * ok xok | ¥
* * *
g__
1 12

9 1 2 1 1 1 0

It is agreed that one mark or bead on left hand
rod represents 10 marks ar beads on the right
hand rod

Flace value: Understanding of place value may be
developed by establishing a place to the left for bundles

)
[
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of ten sticks cach and to the right for any remaining
sticks. One bundle of ten sticks and one single stick
may be recorded as I ten and 1 one. By adding bundles
to the tens side and single sticks to the ones side,
larger numbers may be represented. These numbers
may then be represented on the abacus or bead frame
and notation recorded. It riust be emphasized that
numerals are read from left to right across the page.

Making place value charts can re-enforce the under-
standing of place value. It is most important that place
value demonstrations on a bead frame be seen by the
class in the proper left to right perspective.

When ten bundles of ten accumulate, these are
bound together to make one large bundle of ten tens.
Procedure then is as with tens and ones; recording,
demonstrating on the abacus and transferring notation
to the number chart, I hundred, 6 tens, 2 ones, etc.

10 tens
g
g g
o 1S
. g 2 g
¥ /&[5
1 6 2 1 6 2
Abacus
Number Chart

When the idea of place value is established, numbers
may be written in expanded notation as:

$2 =60+ 2
3 hundreds, 6 tens, 2 ones == 362 == 300 + 60 + 2

| thousand, 3 hundreds, 6 terns, 2 ones == 1,362 =
1000 + 300 + 60 + 2

6 tens, 2 ones =:

Children may work independently to establish un-
derstanding of place valuc using such activities as the
following:

1. Indicating the value of each digit in a numeral:
For example: In the numeral 365,198:
The 3 names three hundred thousand or 300,000
Tte 6 nam:s sixty thousand or 60,000
O
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"33

The 5 names five thousand or 35,000
The 1 names one hundred or 100
The 9 names nine tens (ninety) or 90
The 8 names eight ones (eight) or 8

2. Using any five digits, such as 8, 3, 0. 9, 7, to
represent the largest possible number and the
least possible number not beginning with 0.

3. Playing such games as the following to re-en-
force and evaluate understanding of place value:

a. Circle the 5 which represents the largest num-
ber in each of the numerals:

5345
2545
5555

b. Order the numbers from largest to smallest.

4, Writing numerals using any three digits, such as
1, 2, 3 repeating use of each in as many places
as desired. For example:

123 [,123 13,231
321 3,321 232,111
231 2,312 111,222,

This activity can lead to the realization that an
infinite set of numbers can be represented by
using a finite set of symbols.

Zero: Activities described for place value jtlu frate a
use of zero in a place value numeration system. Vvhen
recording numerals which represent the number of
objects grouped in ones, tens. hundreds, etc.. or which
represent a number illustrated on the abacus, attention
should be called to the use of 0. For example, just as
7 is used to indicate the number of hundieds. zero is
used to indicate that there are zero tens in seven hun-
dred three, 703, and (0 indicate zero hundreds in oue
thousand eighty-nine, [,089. Understanding zero as
the cardinal number of the empty set should be recalled
and utilized.

Exponcents: Exponents provide a convenient way (o
record the powers of the base and the idca may be
developed by building on understanding of place value
notation.

100 is 10 tens or 10 X 10 which may be
written 102

1,000 is 10 X 10 X 10 or 103
10,000 is 10 X 10 X 10 X [0 or 10¢
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105 = 100,020
18 = 10,000
10s= 1,000
102 = 100
What next?
101 = 10
100 = 1

Opportunity may be provided for children to write
numerals in expanded notation using exponents:

429=400+20+9=
(4X100) + 2X 10} + (I X 1) =
(4 X 102) + (2 X 101) + (9 X 100)

6,097 = 6,000+ 0CO0 + 90 + 7=
(6 X 1,000) + (0 X 100) +
(9%X10)4- (7%x1)

=(6x103) + (0% 102) +
(9 X 101) 4+ (7 x 100)

Non-Decimal Bases

Non-decimal numeration systems are introduced to
re-enforce the understanding of the concepts of base
and place value.

Children may group objects and discuss the group-
ings. For example:

AAA
A A

1 five and 3 ones

A A A

1 3 =

KX X

2 2 =

13“"

ve

2 threes and 2 ones

22(hrer

Groupings may then be recorded in a place value
chart. For example:

Symbols for other bases may be introduced. For
example: Using base four and a single object, write
ltour. b, adding one object at a time, children se¢ hw
the base four symbol names each number of objecis.
When four objects are bundled, the use of place value
in the notation for “one four and 0 ones (10, )
should be discussed. Continue adding vbjects and re-
cording the symbol for each number of objects;

R | os ‘ } . } oe

. )
lrour 2'uur 3four lotour
seee s o0 0 se0 ¢ see e
. L LA se0e
l]'our Izronr 1370,” 20(cur

Bundie objects when necessary. This process may
be continued until four fours are bundled into a sixteen.
The numerals may be recorded in a place value chart
similar to those above

Place valuz charts msy be built in other bases.
Children may use what they know about place value
to suggest how to write the numerals. As numerals arc
recorded, the part played by base and place valuc
should be emphasized.

Errichment activitics for some pupils could include:

1. Making a calendar using different bases for
each month.

2. Writing age, wcight, height, and birth date ir
other bases.

3. Completing the blanks in such exercises as th:
following:

4411 = (4) fives (4) ones
32,i, = (3) sixes (2) ones

201uree = (2) nines (0) threes (1) on. <

i -9
Twenty- |  Fives . Threes Tens ;
fives (Base) Ones Nines (Base) Ones—-] Hundreds (Base) Ones
1 3 | 2 | 8
L—— — 4

O

RIC

Aruitoxt provided by Eic:




iy

worellly=m-

(42IIven) = 4 sevens 2 ones
(236.15n:) = 2 sixty-fours 3 eights 6 ones

(23,1.0cen) = 2 sixteens 3 ones

4. Writing base ten numerals for:

23115 = (_l_g_)

ten

llllhrre = (1_3)

ten

36.1eme = (_1(_)_)

Len

100 wo = E) 2% i0ur = (5_7_)

tan ten

104nlx = (_@
ten

The Egyptian Numeration System

By comparing the Egyptian numeration system with
a place value system pupils can see advantages of a
place value system of nuineration. Symbols employed
by the Egyptians may be introduced with emphasis
on the base ten idea in the system and on the fact that
symbols viere repeated because the system did not use
place value,

Children with special interest in ancient numeration
systems may:

1, Write base ten numerals for given Egyptlian

numerals.
2.Learn more about the Egyptisn nunieration
systern from reference books.
O

3.Look in museums for samples of Egyptian
writings containing numerals,

The Roman Numeration System

The Rosan numeration system may also help chil-
dren to appreciate the efficiency of a place value
decimal numeration system. After the introduction of
the different symbols a discussion of the subtraction
principle involved is necessary. Roman numerals can
then be compared with Egyptian as well as with the
Hindu-Arabic symbols.

Discussion of ways Roman numerals are used today
will include dates on buildings or movies; numerals
on clocks; designations for oatline or chapter headings
or volumes of books.

Practice in writing Romun sumerals and in convert-
ing Roman numerals to other systems may be used as
enrichment activities or as teachers see practical need
for this experience.

Pupils interested in demonstrating the efficiency of
the Hindu-Arabic numeration system as contrasted with
another system may use multiptication examples such
as the following:

237 CCXXXVII
X 12 XTIt
474 CCXXXVII
237 CCXXXVI
2888 MMCCCLXX
MMCCCCCCCLXXXXXXXXVVIII=
MMDCCCXLIV



OPERATIONS ON WHOLE NUMBERS

Understanding of the nature of number and the numeration system is necessary if children ate to perform
operations on numbers efficiently. Such understanding develops gradually as opportunities are provided for chil-
dren to manipulate objects, discuss and test idcas, experiment with ways to solve problems, and apply principles
or generalizations to operations on numbers.

Operations studied in the elementary schoo! are addition and its inverse operation subtraction, and multipti-
cation and its inverse operation division. Helping children to understand these operations and develop skills
necessary to use them effectively is a special responsibility of the elementary school.

As operations are performed, certain preperties becomz apparent. For example: The sum of two numbers
is not affected by the order in which they are added (2 + 3 = 3 + 2); the product of any number and one is the
uumber itself (8 X 1 = 8); the sum of any number and its opposite, or additive inverse, is always zero,
(3 + =3 = 0). The structure that these properties provide makes it unnecessary to memorize many unrelated
facts. Use of the properties is a distinguishing characteristic of contemporary mathematics programs.

Significant as properties are in providing structure for operation on numbers, it should be kept in mind that
understanding is developed and the property used before effort is made to name or use vocabulary associated
with the various properties.

Algorithms are developed for use in operations on numbers with the idea that there are many ways of work-
ing and that a child may find the way that is best suited to him. As understanding of the proccss develops, most
children will find and use efficient patterns.

Mathematical Ideas HNlustrations and Explanations
Addition
Addition is the binary operation on Fron union of disjoint sets children are led to assign the number
two numbers called addends to pro- property to cach set and then to perform the operation of addition on
duce a third number called the sum. the numbers.
The addends are the numbers asso-
ciated with two disjoint sets. The sum 0 o X X x (VI X X A
is the number of the set formed by o U X x = 0 X X
joining or finding the union of the two
sets. 3 + 5 = 8

Set A SetB Set C

In set notation this becomes:
N(A)+NB)=N(C)ora+b=c¢
N (A) is read: “The number property of set A.”

a and b are addends and c is the sum.

Capital letters are used to denote sets and lower case letters
are used as variables that represent numbers. Letters have been
used in the above illustration, and wili be used subsequently
tiroughout the guide, to express generalizations which are trus
for operations on all numters.

O
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IMustrations and Explanations

1. PROPERTIES OF ADITION

Closure: When in operation on two
numbers produces a number within
the same set of numbers, the set is
said to be closed under tha. opera-
tion. The set of whole numbcrs is
closed under addition, since the s: lm
is an element of the set.

Commutaiive property: The sum of
two numbers is not aifected by re-
veising the order of the addends.
This applies to addition in all sets
of numbess.

JAssociative property: When three
or more numbers are addends, the
sum is not affected by the way in
which the addends are paired. This
applies to addition in all sets of
numbers.

Identity elemcnt for addition—zero
(0): When zero (0) is added to a
number, the sum is the number, and
zero is called the additive identity.

2. ALGORITHMS FOR ADDITION

Any pattern of procedures used to
iame the rtesul' of a mathematical
opcration is called an algerithm or
algorism. Algorithms for each of
the operations bccome more com-
plex as numbers bccome greater
than the base of the numeration
system.

Aigorithms with two uddends less
than base: This involves the addi-
tion facts shown on the table to the

right,

Q
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34 5=8

3+5=8 3,5and 8 are whole numbers. From experience with many
similar situations it becomes evident that, for any whole numbers a and
b, a + b = c; that ¢ js also a whole number and that the set of whole
numbers is closed under addition.

and 5 +3=8 the: 3 -5=5+3

In generalizing after much experience it becomes evident that for any
two n'imbers, x und y: x + y =y + x

4+33+2)=4+5=9
and (443, +2=7+2=
thend + 3+2) = (4+3) +2

]

Therefore, for any numLe\rs, a, b, and ¢

a+(b+c)=(a+b)+c¢
6+0=6 ) 0+6=6

Therefore, for any numbera,a + 0 =aor0+a=a
\‘\.

ADDENDS

e — " ——

+Jol1[2]3{4]s[e[7]8]>9

ofo

i|1]2

2[2]3]4
v
a 13]314]s]s .
r AN NEBREE \
w — \.
o V|sls|sl? 10 N
o |[e]sl7] &ald]0]uliz \
< H] 7] 8] ofrofirjrz]izfna

8| 8| oliofiri2f13]1a]1s]16

9| ofiofj12]13[14]15]16]17{18

When the commutative property is applied, only 55 facts niced to be
learned, and by applying the zero property, only 45.
31
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Mathematical Tdeas

Mustrations and Explanations

Algorithms with one addend less
than the base and the other greater
than base:

Algorithms with addends equal to
or greater then base:

ERIC
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Many algorithms may be developed for any operation. A child
should be permitted to use the one which has meaning for him.
For example:

8+9=8+(2+7) (Renaming9as2 +7)
=(8+2)+7 (Associative property)

=10+7 (Fact previously learned)
=17 (Place value notation)
35 3tens + 5 ones 35
+2 + 2 ones +2
3tens + 7 ones 37
94 9 tens + 4 ones 94
+8 + 8 ones +8
9 tens -+ 12 ones 102
Renamed as: 10tens + 2 onesor 102

The expanded notation in these illustrations is used only to evelop
understanding of the process involved in the algorithm. It should
not be used in writing to the point that it becomes needless repeti-
tion of an involved process. Some children may go quickly to
a shorter algorithm.

15 27 10 10
+10 +10 +36 +83
25 37 46 93
26 2tens + 6ones 20+ 6
+42 4 tens + 2 ones 40 +2
6tens + 8 ones or 68 60 + 8 or 68
397 3 hundreds + 9tens + 7 ones
1 486 4 hundreds + 8tens + 6 ones
7 hundreds + 17 tens + 13 ones
Renamed as: 7 hundreds + 18 tens + 3 ones
Renamed as: 8 hundreds + 8tens + 3 ones or B83
300+ 90+ 7 397
400+ 80+ 6 + 486
700 + 170 + 13 883

=700 + (100 + 70) + (10 + 3)
= (700 + 100) + (70 + 10) + 3 associative property
=800+ 80+ 3 =883

32
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Mathematical Ideas

Nustratiors and Explanations

Algorithms with three or more ad-
dends:

Subtraction

Subtraction is the inverse operation
of addition. Tt is the operation of
finding one of two addends when their
sum and one addend are known.

E

1. PROPERTIES OF SUBTRACTION

Closure: Since it is not always pos-
sible to smbtract a whole number
from & whole number and get a
whole number, the set of whole
pumbers is not closed under sub-
traction.

Commutative property: Subtraction
is not commutative.
Associative property: Subtraction is

not astociative.

Zero: Subtracting zero from a num-
ber dovs not change the number.

O
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Since addition is a binary operation, both commnutauve and associative
properties .re used with emphasis always on tae ideas involved rather

than on the terminology.

Tens Units
24 2 4 24
82 8 2 82
+ 57 5 T 57
15 13 Rename as: 13
1 hundred + (5 + 1) tens + 3 units or LSQ
1 hundred + 6 tens + 3 units or 163

163

7—-3={7because (1+3=7

7 —4=[]because O+4=7

6 — 2 = 4, a whole number

4 — 6 does not name a whole number

5-3=2
3—-5+#2
Ifb<aa—b=candb—a+#c
(9-3)—-2=4 9-(3—-2)=8
8§—-0=28
For any whole number 7
n—-0=n

33
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Mathenatical Ideas

1llustrations and Explanations

2. ALGORITHMS FOR SUBTRACTION

With addends less than base: Sub-
traction facts may be derived from
the addition tabie.

ADDENDS

+lol1|2|IRl4|s]6|7]|s8]9
0
1 i 1
2
(73]
(a] __‘3 N
Z 4
(81 ]
a \ [ [ ©
a 6
< 7
| E
9 _b - I o
A - @ - H E+-©® - A
1 With known addends less than, 78 7 tens + 8 ones 70+ 8 78
egual 10 or greater than the base: _—_E — (Otens + 6 ones) - {0+ 6) -6
Algorithms for subtraction using " 7tens+ 2 onesor72 70+ 20172 72
two or more digit numerals are de-
veloped first without renaming and
then with renaming. 78 7tens + 8 ones 70+ 8 78
=10 —(lten + Oones) - (10+ O) — 10
6tens + 8 ones or 68 60+ 8or68 68
78 7tens + 8 ones 704 8 78
—64 — (6tens+ 4 ones) - (60 + 4) —~ 64
1ten + 4 onesortd 104+ 4orl14 14
14 6 tens + 14 ones 60 + 14 14
—~58 -~ (5tens+ 8 ones) - (50+ 8) - 58
ften + 6onesorl6 10+ 6orl6 16
374 300+ 70+ 4 Rename thesumas 300+ 60+ 14
—-98 -~ (000+90+8) then as 200 + 160 + 14
—(000+ 90+ 8)
200+ 70+ 601276
Q ‘ 34
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Mathematical Ideas

Iilustrations and Explanations

Multiplication

Multiplication is a binary ope.ition
on numbers called factors to produce
a unique third number called the
product. Multiplication of numbers
greater than one can be performed
using repeated addition of the same
whole number.

The product is a multiple of each of
the factors.

1. PROFERTIES OF MULTIPLICATION

Closure: The product of two whole
numbers is a2 whole number.

Commutative progerty: The product
of two numbers is not affected by
reversing the order of the factors.
This applies to multiplication in all
sets of numbers.

Associative property: In finding the
product of three or more factors,
the way in which the factors are
paired does not affect the product.

Distributive property of multiplica-
tion over addition: This property
links addition and multiplication in
finding the product.

Identity elemeni—one: Multiplying
by one does not change the number.

Zero: Multiplying any number by
zero gives the number zero as
product.

ERIC
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6 X 3 =18 Factors, 6 and 3, are the numbess being multiplied.

1§ is the product, the number obtained through multiplication.

* ok k k ok Kk
* k k* k x x 6+6+6 343--34+3+4+3+43
* % % % % * (3 addends) (/5 addends)

* % % % % %
* % % % % %
* % % % %

For any numbers, a X b = ¢, a and b are factors, c is the product.

16 X 47 = 752

For any whole numbers, ¢ and b, a X b = c. and ¢ is a unique whole
number.

6XxX3=18 3IX6=18 6XxX3=3Xx6

For any numbers.aand &, a X b =b X a

6X (3Xx4)y=12
6x12="12

(6 X3)X4=172
18 X4=172
(6X3)X4=6x%(3x4)

For any numbers @, b, and ¢, (a X b) X ¢ =a X \bX¢)

10x7=170

10X (34+4)=(10%X3)+(10x4) =170
(6+4)X7=(6XT)+UXT)=T0
For any numbers a, b, and ¢
aX(b+c)=(axb)y+(axc)or
(b+c¢) xa=(bxa)+ (cXa)

8§x1=8

For any number g, a X 1 =aand 1 X a=a

8X0=0

For any number g, a X 0=0,0X a= ¢

35
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Mathematical Ideas Ilustrations and Explanations

2. ALGORITHMS FOR MUL IIPLICATION

Algorithms with two factors less Factors
than base:
x (ol 112} 3] 4 sl 6| 7] &[ o
: (This involves the muliiplica- _OJ 0
: tion facts shown on the table -
i to the right.) 1Jo]1
é 210]| 2
{ clalo|s]s] o
i o
% -; 410 4| 8|12]16
o] 550 5/|10|15 25
E o @
Ii 60| 6(12(118]|24|30{36
' 710} 7{14] 21| 28| 35] 42} 49
8)0| 8(16]24|32/40]|48|56| 64
90| 9(18]27|36/45/54|63|72]81

When the commutative property and the property of zero are applied,
it can be observed that facts in the shaded portion of the chart are the
same as facts in the unshaded sertion.

The distributive property may be 1f 5 X 8 = 40 is known, 7 X 8 may be found:
:)sud;&a;m: 9at facts with fac- Tx8=(54+2) %8 ot 7% (4 +4)
£ O through 3. : =(5X8)+(2x8) =(7x4)+(7x4)
é =40+ 16 =28 +28
=56 =56
Algorithis with one factor equal to 1X10=10 9$x10= 90 15X 10= 150
k the base: 2X10=20 10 X 10 =100 .
3x10=30 11 X 10=110 .

27X 10=270 115 % 10= 1,150 )

Algorithms with one factor greater 3X23=269 23 23 3
shan base: X3 X3 x23
| 9(3x 3= 9) 69 9
i without renaming _60(3x20=60) _60
69 69

with re.aming 23 2tens + 3 ones

X =x 4 ones
8tens + 12 ones =
8tens + 1ten+ 2 ones =
9tens + 2 ones =92

36
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Mathematical Ideas Ilustrations and Explanations
4X23=4%(20+ 3) Renaming 23 as (20 + 3)
= (4X20) + (4X3) Distributive property
=80+ 12 Multiplication
=80+ (10+2) Renaming 12 as (10 + 2)
= (80+10) +2 Associative property
=90+ 2 Addition
=92 Addition
23 = 20+ 3 23
x4 x4 x4
12 80+ 120r92 92
_80
92
Algorithms with two factors greater 23X 46 =(2043) X (40 + 6) Renaming 23 as (20 + 3)
than base: and 46 as (40 + 6)

=20 % (40 + 6) + 3 X (40 + 6) Distributive property
= (20X 40) + (20X 6) + (3 X 40) + (3 X 6)

Distributive property
=800+ 120+ 120 + 18 Multiplication
=920+ 138 Addition
= 1,058 Addition

46 46
x23 x23
18=(3 X 6) 138
120 (3 x40) 92
120 (20x 6) 1,058
800 (20 X 40)
1,058

Division

Division is the inverse operation of 138 + 6 =[] implies 6 X[]=138

multiplication. It is the operation of 138 + 23 =(Jimplies [J X 23=138

finding a factor when the product and

one factor are known. The unknown For any natura] numbers @ and b, if a X b = ¢ with ¢ a whole number,
factor may be called the quotient, the thena=c+bandb=c+a

known factor the divisor, and the

product may be calted the dividend. 4)17]
Division is the equivalent of repeated Y I
subtraction of the same whole number. —?
-4 1
4
- 1
-4+t
0| 3
o 37
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Mathematical Ideas Hlustrations and Explanations

Zero in division: Division is considered 15+5=3 IxX5=15
as the inverse of multiplication. Zero 0+6=0 0xX6=0

as a divisor is meaningless and divisicn
by zero is not possible in the set of
whole numbers. Zero cannot be used as a divisor.

6 + 0is meaningless because any number times zero is zero, never 6.

NEVER DIVIDE BY ZERO!

Partitive application: Division can be Twenty-four girls are to be divided into four tcams with the same
used to find the number of members number of girls on each team. How many girls will be on each team?
in each of n equivalent sets.

24+-4=6 Six girls on a team.
Measurement application: Division can Each cay a child uses three pages from a notebook. If the book con-
be used to find the number of equiva- tains twelve pages, how many days will it Jast?

lent sets of n each in a given set.
12 — 3 = 9 pages left after first day
9 — 3 = 6 pages left after second day
6 — 3 = 3 pages Ieft after third day
3 — 3 = 0 pages left after fourth day or 12 + 3 = 4

‘The book will last tor four days.

- P

3

\
1

31 1 l3l

g 9 1011 12~

N
5 6

0 1 2 3 4 7
4th day 3rd day 2nd day 1st day
1. PROPERTIES OF DIvIsION
Closure: Since it is not always pos- 6 <+ 3 = 2 a whole number
sidle to divide a whole number by
a =hole number and get a whole 3+6% awhole number
numbet, the set of whole numbers
is not closed under division.
Commutative property: Division is 12+4=3
not commutative. 4+12+3
Associative property: Division is (18+2) +3:==3
not associative. 18+ (2+3)=3
Distributive property: Division is 369 +3=(300+60+9)+3
distributive with respect to 2ddition =(300+3) + (60 3)+ (9 + 3)
except that the distribution must be =100+20+3
over the dividend with each opera- =123

tion producing a whole number.
(atb+c)+d=(a+d)+ (b+d) + (¢ + d)

Q 38
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Mathematical Ideas

Hlustrations and Explanations

2. ALGORITHMS FOR DIVISION

Algorithms with factors less than
base: 'This involves facts learnad
from the multiplication.

The operation of division can be
carried out with zero remainders or
non-zero remainders.

ERIC
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45+ 9 =[Jimplies [(J X 9 = 45

5
9)45
Factors
xfol1]2]3[a]5]6 7]
0 —
1 —_—
2 ——
v
® K -,_Jc,"‘
- |a >
A e F
w R
B "Jf -
-t

37+ 5= impliec (I X 5 = 37

Ox 5§=37

7X §=35
37 —~ 35 = 2 remainder
(T%x5)+2=137

1 a
5)37 b)a
s

2

T

a=(bxq)+r

b = divisor, known factor

a = dividend, product

q = quotient, unknown factor
r = remainder

39




Mathematical Ideas Hlustrations and Explanations

Algorithms with one factor equal to 10+10=1 150+ 10= 15
base:
20-10=2 3,460 - 10 =346
Algorithms with factors greater than 137
base: With cne or both factors 7
greater than base the algorithm may 30
be developed in several ways. 100 137
7)959 7)959 71959
—700] 100 (7 X 100 = 700) 700 !
259, 259 25
-210| 30 (7x 30=210) 210 21
49 49 49
—49] +7 (7x 7= 49) 29 29
0] 137 959

959 + 7= [Jimplies [ x 7 =95¢

959 + 7 = 137 implies 137 X 7 =959

53 3
3 30 =153
50 100 153
7)374 24)3678 24)3678
350 2400 2%
24 1278 127
21 1200 120
3 remainder 78 78
7 72
6 remainder 6 remainder

Any problem with two known elemen’s can be solved if it can be cor-
rectly stated in either of the following forms:

addend + addend = sum
factor X factor = product

Subtraction is the operation of finding the unknown addend. Division
is the operation of finding the unknown factor when the rem#inder is
zero.

ERIC 46
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Illustrations and Explanations

Mathematical Idens

3. SQUARE ROOT OF A NUMBER
The square root of a number is one
of two equal factors whose product
is the number. The symbol, V ,
designates the square root of a num-
ber.

Algorithm for finding the square
root of a number: Unike the other
operations that have been encoun-
tered, all of which are binar,, the
operation of finding the square root
of a number is unary in that it in-
volves only one number.

The algorithm for finding the square
root of a number may bc described
as a “divide and average" proce-
dure. The goal is to get the divisor
and quotient to be the same or as
close as you wish.

1. Estimate the value of the
square root.

2. Using the estimate as a divisor,
divide the number to find the
quotient.

3. Average the divisor and quo-
tient. The result is a closer ap-
proximation to the square root
of the number.

4. Using this new approximation
as a divisor, repeat steps 2 and
3 to obtain an approximation
of the square root as correct as
required. However, with prac-
tice, two to three repetitions
should produce a square toot
as correct as necessary for
most purposes.

O

ERIC

Aruitoxt provided by Eic:

Example:
V4 =2because2x2=4
V25 =S5because 5 X 5=125

‘/i = 3 because 3.3 2

16 4 4 4 16

V225 =1.5because 1.5 X 1.5=2.25

Since 3 X 3 = 9 and (—3) X (—3) =9, it is agreed that

V9 =3and - V9 =-3.

Example: Find V19
1. Since 4 X 4 = 16, try 4 as a first estimate of V19.

2.19 + 4 =475 4.75

iiils_ =4.375

3. V19 lies between 4 and 4.75 5

4. Repeat step 3, averaging 4.375 divisor and 4.3429 (quotient)

4.375 -21—4.343 = 4.359

V19 ~ 4.359

41
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TZACHING SUGGESTIONS FOR OPERATIONS ON WHOLE NUMBERS

Addition

Readiness for introducing operation of addition is
rrovided when disjoint sets are joined, i.e., by making
the union of the two sets. After children have many
experiences with joining sets, th: teacher may intro-
duce the vperation of addition through the following
steps:

—

. Demonstrating the joining of a set of four ob-
jects and a set of one object to form a set of
five objects.

2. Explaining that joining sets of objects helps in
thinking about adding numbers. The addition
of numbers is stated as “‘four plus one equals
five.”

3. Writing 4 + 1 = S on chalkboard and repeat-
ing “four plus one equals five.”

4, Isolating + and = and explaining again their
names and meanings.

5. Using other examples as needed in group in-
struction then repeating this development as
children individually join sets of objects.

Children can discover answers to number facts or
find other names for numbers, (Example: § = 4 + 1,
5$=3+2 0r5=0+ 5) by manipulating sets of ob-
jects, or using such manipulative devices as a bead
frame, beads on a wire, colored plastic clothespins
attached to a coat hanger. The flannel board, magnetic

board, and dot cards can also be used for this
purpose.

Children may draw dominoes to illustrate number
sentences.

They may make cards showing numerals and also
cards showing sets of dots. Use of these can vary in

many ways.

Many opportunities for problem solving are avail-
able following the introduction of the operation of
addition. Primary children may:

1. Dramatize an addition situation and then write
a mathematical sentence.

O
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2. Discuss a word problem and get from it mathe-
matical ideas which are then transferred to a
mathematical sentence.

3. Solve the sentence and relate the result to the
problem situation.

4. Make up other problems for classmates to solve.

1. PROPERTIES OF ADDITION

Closure: Through discussion the idea of closure can
be developed deductively. Number facts may be listed
on the chalkboard and children asked to supply the
sums. (This may alco be done using addends of two
and three digit numerals.) Such questions as the fol-
lowing may aid in developing the idea of closure:

a. To what set of numbers do the addends belong?
b. To what set of numbers do the sums belong?

c. Is there an example when the sum of two whole
numbers is not a whole number?

d. What can always be said about the sum when
the addends are whole numbers?

Understanding of the property provides a quick
check for computation. When odd and even numbers
are understood, a similar discussion ¢an be carried
on to discover that the sum of even numbers is always
an even number. When odd numbers are treated in the
same way, an additional question must be asked: What
is true about the sum when even numbers are added
that is not true for the sum of cdd numbers? Charts
similar to the following to illustrate the idea may be
prepared by children:

+ o E
0 E 0]
E o E

While young children are able to gain understanding
of closure, they are not expected to verbalize the
property at an early age.

Commutative property: Joining sets of objects can
help children discover the commutative property since
it is easy to see that order is not important; that the
result is the same regardless of how the sets are jcined
together. As children understand that the ord<r in
which sets of objects are joined does not affect the sum,

43
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pairs of addends may be written on the chalkboard as
follows:

2+3=(] 3+2=0)
2 3
+3 +2
| ad

As sums are recorded and the process repeated with
other pairs of addends, children should be able to ex-
press in their own words the generalization that the
order in which the operation of addition is performed
on two addends does not affect the sum. It is not
necessary that the term “commutative” be used with
young children since it is the idea and not the termi-
nology which is important.

Associative property: Three sets of objects may be
used to develop understanding of the associative

a. By joining the first and second sets, then by
joining to this union the third set.

b. By using the same sets, joining second and
third sets, then to this union joining the first set.

@ G 2
A °° n)

Children can observe that the result is the same
regardless of how the sets are grouped. They need many
experiences in joining sets in this way. Pictures of ob-
jects can also be vsed with children circling the order
in which grouping is done.

3 4 5
)

1 ]

When understanding of the property has been de-
veloped through manipulation of concrete objacts,
more abstract ideas inay be introduced kv:

a. Writing mathematical sentences on the chalk-
board: 3+ 2 + 4 =[] ,3,+,2+4=D

b. Reviewing the idea that only two numbers may
be added at one timne.

n

. Eliciting from children ways in which the sum
might be found.

d. Putting paren:heses around pairs of numbers as
groupings are suggested:

3+2)+4=3+(2 +4)and calling
attention to this use of parentheses.

e. Completing the addition process and comparing
sums.

n

. Following this procedure with other examples
as both group and individual activity.

g. Providing opportunity for children to generalize
the property in their own words.

Identity element: Activities similar to those de-
scribed above may be used to develop understanding
of zero as the identity element for addition. By using
the empty set when concrete objects are manipulated
and zero when writing mathematical sentences, chil-
dren can be led to see that with zero as one addend
the sum is the number of the other addend.

3+0=3 0+3=3

2. ALGORITHMS FOR ADDITION

Algorithms with two addends less than base: After
the number ficts are discovered, either through ac-
tivities with concrete objects, through use of the num-
ber line, or through renaming and the application of the
associative property, they should be learned. As moti-
vation for learning, usefulness of the commutative
property in reducing the number of facts to be learned
may be capitalized on. Sce tabi. oage 31.

The number line may also be used in discovering
sums for basic facts.

7 8 9 10

L 1 1 1

2+3=35

0 1 2
1 4
| et
IEES—
Such games as the following may be used as drill in
learning number facts:

With a se¢* of small objects in each hand, a child

ERIC
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writes the sum of the sets on the chalkboard. Class-
mates take turn< in guessing the number of objects in
each hand. The correct guess determines the next
leader.

ni49



Algorithms with one addend less and one greater
than base: As when developing understanding of place
value children may manipulate bundles of ten sticks
and single sticks to gain understanding of the process
involved in the algorithm. For example, to find the
sum of 45 and 3, they may join a set of four bundles
of ten and five single sticks to a set of three single
sticks and record the results as

Word names Expanded notation
4 tens and S ones 40+ 5
3 ones 3
4 tens and 8 ones 40+ 8 =48

4 tens and 5 ones
+ Jones
4 tens and 8 ones.

Most children will advance quickly from the “con-
crete stage” to the ability to do similar computations
using:

Conventional algorithm

45
+3

8

Algorithms with uddends equal to or greater than
base: This algorithm may also be introduccd through
the manipulation of bundles of sticks. For example, to
find the sum of 97 + 86, the procedure of joining sets
of bundles and single sticks is followed as outlined

Word names

9 tens and 7 ones
8 tens and 6 ones
17 tens and 13 ones = 17 tens + 1 ten + 3 ones

= 18tens + 3 ones

above. Through appropriate questions children are led
to see the need to regroup the thirteen single sticks
into one bundle of ten and three ones. The procedure
may be recorded again as above using:

Expanded notation Conventional algorithin

90+ 7 97
80+ 6 +386
TO+13=170+10+3 183
=180+ 3
=183

Children may develop different algorithms as they
gain understanding and skill that leads to the shorter
more efficient algorithms. For example:

94 94 94
t8 t8 pll
90 12 102
12 90
102 102

Each child should be able to explain why numerals
belong in the various places.

Subtraction

After children have had many experiences separating
sets of objects into subsets, the cperation of subtrac-
tion may be introduced. Beginning with a set of five
objects, the teacher moves onz object slightly to the
side, being sure that both subsets are in full view of
children; then asks for the number of the remaining
set. It should be clearly explained that separating sets
helps with understanding of subtraction and that the
subtraction is stated as “five minus one equals four.”
It is then written on the chalkboard as S — 1 = 4 and
read as “five minus one equals four.” An illustration
with concrete objects and discussion of the fact that

ERIC
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5 represents the sum or whole set and that 1 and 4
name the parts or subsets is necessary. Children will
be familiar with the equality sign from work with
addition but minus (—) as the sign that means to sub-
tract must be completely understood.

Using other examples children should manipulate
sets of counters at their desks with the teacher writing
mathematical sentence each time on the chatkboard.
When this process is understood, a set of objects may
be displayed and separated in some such manner as

the following:

Children are asked to give the mathematical sentence
for the subtraction of two from five (5§ — 2 = 3).
Demonstrating with objects the teacher can lead chil-
dren to sce that another way to write the sentence
might be 3 4+ [J = § since S represents the sum or
whole set. This sentence then asks *3 and what make
h YA

Since they already know that 3 + 2 = 5, demcnstra-
tions with objects and questions should help them to
see that 5§ — 3 = 2 and that [J + 3 = § is another
way of writing the same mathematical idea.



Ihe inverse relationship of addition and subtraction
may be further emphasized by:

1. Displaying a set of five objects

2. Separating them into sets of three and two
(11}
"

3. Asking for mathematical sentences that this
picture brings to mind

4. Writing the sentences on the chalkboard:
3+2=5 5—-3=2
2+4+3=5 5—-2=3

Much work with sets of objects may be necessary
before all children are able to give the four sentences
each time. Domino cards may be used to strengthen
the understanding and the number line may be used
in the discovery of these and other subtraction facts.

0 1 2 3 4 5 6

1. PROPERTIES OF SUBTRACTION

Closure: The closure property for subtraction should
be developed very informally since children are not ex-
pected to verbalize the property. They can realize that
in the set of whole numbers it is not always possible
to subtract. By separating sets of objects and by look-
ing at mathematical sentences such as: 7 ~2 =,
2-4= ,5-3= ,§5§-7= ,3-5= |
9 — 11 =, children will become aware that it is not
always possible to subtract using the set of whole
numbers.

Commutativity: Children may likewise manipulate
conctete objects to see that the order in which the sum
and the known addend are arranged is important in
subtraction:

5—-2#2-5 6—-4£4-6

Although children are not expected to verbalize the

Renanied

S tens, 2 ones
— 3 tens, 6 ones

4 tens, 12 ones
— 3 tens, 6ones

1 ten ,—6 ones or 16

ERIC
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fact that subtraction is not commutative, they see, by
manipulating objects, that unlike answers are cbtained
when numbers to be subtracted are in a different order.
They understand that order does affect the result in
subtraction.

Identity element: Childten who discover that re-
moving an empty sct from a set of objects has no effect
on the number of he set will be able to demonstrate,
as well as understand, that subtraction of zero from a
number does not change the number.

2. ALGORITHMS FOR SUBTRACTION

With addends less than base: Children who are
familiar with the table of addition facts, and who
understand the inverse relationship of addition and
subtraction as involved in mathematical sentences such
as 4 + [[] = 6 will quickly see how subtraction facts
may be derived from the addition table. They should
be led to see *hat, if they know addition facts, they
can subtract.

With known addends less than, equal to or greater
than base: Activities during development of ideas of
place value provide readiness for renaming needed in
subtraction. Children can bundle and rebundle sticks
to find different names for numbers. For example.
use bundlcd-sticks to show that:

52 = 51tens, 2 ones
= 4 tens, 12 ones
2 ones

352 = 3 hundreds, 5 tens,

= 3 hundreds, 4 tens, 12 ones

= 2 hundreds, 15 tens, 2 ones
4 hundreds, 6tens, 7 ones = 467
3 hundreds, 16 tens, 7 ones = 467

3 hundreds, 15 tens, 17 ones = 467

Separating sets of sticks arranged in bundles of oncs
and tens illustrates the meaning of the subtraction
algorithm. As sticks are scparated, the operation can
be recorded on the chalkboard using word names. For
example:

Then expanded notation

50 +2 40 + 12
~30+6  Renamed —30+ 6
10+ 6=16
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Because of individual differences, it is important to
note that particularly in subtraction which requires
renaming, some children will need to stay on the con-
crete Jevel longer while other children, building on
prior expecience, will readily move to word names and
expanded notation forms. The goal is to be able to use

the conventional algoritim with understanding so each
child will get to this stage by following his own in-
dividual pattern.

The abacus is also a useful device in developing the
subtraction algorithm.

Multiplication

By manipulating equivalent sets of objects and pre-
paring and using rectangulac arrays childeen can dis-
cover products.

* k &k % * k % * k ok k k ok &k

* k &k k * k Kk * ok ok k ok ok Kk

X k Kk Kk * k k * Kk * ok k k&
LI & 4 * k k ok k k k
* k Kk

Large demonstration arrays and peg boards on which
arrays of different sizes can be arranged may also
prove useful in developing understanding.

It may be helpful for children to cut squared paper
into strips representing arrays of increasing size to aid
in learning multiplication facts. For example:

RIC
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52
—36
16
12 1 6
6

Experience with such concrete and semi-concrete
materials as those mentioned above leads to under-
standing that the product for factors greater than one
can be found by repeated addition of the same number.
Also the different factorizations of one number may
be illustrated with one set of blocks, squares, or other
objects. For example:

1. PROPERTIES OF MULTIPLICATION

Closure: By discussing the sets of numbers to which
factors and products in multiplication of whole numbers
belong children can be led to see that when factors are
whole numbers, products are always whole numbers.
In this way understanding of closure develops although
the terminology may not be used at an early level.

4xX6=24 S5X5=2§ 3Ix6=18

Commutative property: By rotating a rectangular
array, thus reversing rows and columns, children can
gain understanding of the commutative property of
multiplication. They can readiiy ses that reversing the
factors docs not change the product.

* &k K * kk kkk

* % % * ok ok k k k IXH=6x3
* k% * ok ok ok &k K

* &k X

* & *

* k &

R
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Associative property: Much previous experience (2X3)X4=2X(3X4)
with concrete and semi-concrete materials and with SX8)XE6=5X (8§ X6
properties of addition should enable children to under- ( ) x6=5x( )
stand readily that the way in which factors are grouped

for the binary operation of multiplication does not Distributive property of mudltiplication over addi-
affect the sum. Opportunity to experiment with the tion: By folding a paper showiug an array, children can
grouping of factors in multiplication should help all discover how the distributive property of multiplica-
children to recognize that: tion over addition works.
K XK X K KX XK X KX K K X * X KK XK K K K
X X X K X ¥ KX X X KX K K X K KX X X ¥ K
R EEEEE R KX KK K KX K KK X K K X
XX X KK KKK K K XK K KX X K KjK K K X X
X X K XK X KK XX K[x X ¥ X * K KX X X ¥ X
5x8=(2+3) %8 SX8=5X(4+4) SX8=5%X(3+5)
=(2x%x8)+(3x8) =(5X4)+(5x4) =(5x%x3)+(5%5)
=16+24 =20+20 =15+25
=40 =40 =40
|
After understanding has been developed, the distribu- computation. For example: [t may be used in dis-
tive property may be used in both written and mental covering the more difficult mu'tiplication facts:
7X9=(5+2)x9 7X9=7X(4+5)
=(5%X9)+(2x9) =(7x4)+(7Xx5)
=45+18 =28+35
=50+13 =63
=63
It is also involved in multiplication algorithms:
765
X 32 renamed and muitiplied as (2 + 30) X 765 = (2 X 765) + (30 X 765) =
1,530 1,530 + 22,950
22,950 added
24,480
Identity elemeni—one: By working several examples 2. ALGORITHMS FOR MULT;:PLICATION
where one is a factor, children can readily ses that the .. . . . .
product is always the same as the other factor, AISOrlrhms with two factors less than base: See
_ . = . Suggestions on page 46 for development of number
(1 X7=7;9X1=29) and that one is a factor of 0 . - .
every whole number. fa'cls.‘ nce children understand the operation of multi-
plication as repeated addition of the same number and

know how to discover products for the basic facts, they

Zero: The unjon of emply sets, multiplication as
should learn the facts.

repeated addition, demonstrates that multiplication
where one factor is zero gives a product of zero. Discovering patterns in the chart of basic multipl-
cation facts motivates learning, provides practice

* B (& D
O O O O needed for learning facts and stimulates observation.
For example: By referring to multiplication chart

— 0 =0 . _ similar to the one on page 36 children may be stimu-
NiA)=0; N(B) =0; N(C)=0; N(D)=0 lated to discover patterns by such questions as the

AUBUCUD=#F Hence4d x0=0. following:
This experience should be repeated if children persist a. What can you say about all products under the
with errors in algorithms. column headed by two, by three, by four, eic.?

Elk\l‘c 1 47
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. What patterns do you see formed by units digits
in products in the column under even factors?

. Is this true for products in coluins under odd
factors?

. What pattern results when digits of products
are added?

Games can be used to motivate the learning of basic

9X3=(2+7)x3

0 4 6 8

2 10 12

14
| S S B | 1

facts. Children can invent games of their own.

See also page 47 for suggestions regarding the use
of distributive property to arrive at facts with factors
6 through 9. This involves renaming one factor, then
applying the distributive property and utilizing facts
previously learned.

The number line may also be used to discover
answers to basic facts.

9x3:=(2%x3)+(7%X3)

16 18 20 22 24 26

‘I::l._ll { 1 1§ 1 1 | ] i ] 1 j W | | I T |
2%x3 7x3

X
6 + 21

Algorithms with one factor equal to base: Using
dimes the pattern of multiplying by the bzse (10) be-
comes apparent;

Algorithms with one factor greater than base: The
distributive property of multiplication over addition as

=69

Algorithms with two factors greater than base: 1deas
suggested for algorithms with one factor greater than
base may be applied to develop understanding of al-
gorithms with two factors greater than base; although
most children should not need to rely hewily upon a
physical model. Ideas presented on page 37 should be
helpful in developing and recording the process. Al-
though some children may need to continue to work at
the developmental level, most should be encouraged
(o use the conventional algerithm.

O
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‘ (20+3) x3=(20%x3) + (3 X 3)
=60+9

48

27

1 dime I1x10=10 1 dime is 10 cents.
2 dimes 2xX10=20 2 dimes are 20 certs.
3 dimes 3Ix10=30 3 dimes are 30 cents,

3 . .

developed on page 47 produces the pattern for the
multiplication algorithm. For example:

LR IR R 0 IR I I R IR O S O Y P
KK XK KKK KK KKK KK KK KKK K
LIE K IR IR I IF 3F 20 20 JF 5 J0 JR S QU e

Division

Division may be presented as the inverse of multi-
plication by asking questions to make the relation-
ship clear. For example:

Five times what equals fifteen?
What times seven equals twenty-one?

After answering many such questions children can see
that when two factors are known, they maultiply to

54

28



E

find the product and when the product and one facior
are known they divide to find the missing factor.

Ox3=15 15+3=0]

Zero in division: Special attention should be given
to the fact that division by zero is meaningless. The
idea that zero times any number is zero should be
reviewed. The mathematical sentences 6§ + 0 = [
and (0 X 0 = 6 may be written on the chalkboard,
and followed by such questions as:

What times zero equalssix? []X0=6§

Is there any number that answers the question?
(NO)

Also 0+ 0= implies(] X 0=0
What number or numbers makes the statement
true? (All numbers)

If his procedure is followed by other examples and
similar questions used, children will realize that division
by zero is meaningless.

Partative application: Children can gain understand-
ing of the partative application of division by using
counters to find solutions to such problem situations
as:

a. Determining each person’s share when 24 pieces
of candy are divided among 4 children

b. Determining how many children will ride in
each car when 6 cars are used to take 24 chil-
dren to the zoo.

Measurement application:  Understanding of the
measuremcnt application of division may also be de-
veloped by the use of counters or pieces of string in the
solution of such problem situations as the following:

a. Determining how many children may be served
2 hot dogs from a box of 36

b. Determining how many 6 inch pieces may be
cut from 48 inches of ribbon.

1. PROPERTIES OF Division

Closure: Division examples similar to the foflowing
may be writtea on the chalkboard and discussed:

HIn 5325 5)26 16)8

5)

O
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Children will observe, as quotients are obtained, that
it Is not always possible to divide using the set of
whole numbers. It should be kept in mind that under-
standing of the idea is more important than verbaliza-
tion of the property.

Conunutative property: Mathematical sentences such
as the following may be written on the chalkboard.
solved, and discussed:

12+3=4
18+6=3

3+ 1254
6+ 18523

Children can see that division is not commutative. The
way in which divisor and dividend are arranged docs
affect the quotient.

Associative property: Mathematical sentences simi-
lar to the following may be written on the chalkboard.
solved, and discussed:

18+-6+3= (18 +6) -3 =
3+-3=1

18+ (6+3)=
18+-2=9

After experience with a number of similar mathe-
matical sentences, children can see that the associa-
tive property does not hold for division. The order in
which the divisions are peiformed does affect the
quotient,

Distributive property: An array may be folded to
ilustrate the distributive property. For example:

45+ 9=
(27 + 18) +9 =
(27+9)+(18+9) =
34+2=5
45+-9=35

LIRS T A,
* Ak ADETH A %
* b kb A ok %
A b R At % %

18

b % %A% % % #

Care must be taken to see that children understand
that the distribution can be made only on the dividend
and the renaming of the dividend :1.ust make the divi-
sion of each part exact.

00
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2. ALGORITHMS FOR DIVISION

Algorithins with factors less than base: When chil-
dren understand the meaning of division, its inverse,
multiplication, may be capiwalized upon. Familiarity
with the chart of multiplication facts will point up this
relationship and demonstrate that division facts are
learned at the same time as the multiplication facts.
The more children use what they know about multipli-
cation the less time they will need to spend on division
facts.

Children need many experiences telling simple word
or story problems involving situations requiring divi-
sion; writing mathematical sentences for these prob-
lems; solving the problems; and testing solutions for
reality.

Before considering division with non-zero remain-
ders, children need many experiences finding the
greatest whole number that makes a sentence like the
following true:

Ox3<16
Ox8<st

Ox5<26
Ox9<«<82

When understanding of this type of estimation has
been developed, examples with non-zero remainders
may be introsuced. For example:

3)16
15} s

1

Children can be led to see how the estimation using
the largest whole number helps to find the quotient.
As the work is recorded, attention should be called to
the remainder. When the remainder is less than the
divisor, the operation is complete.

Algorithms with known factor equal to base: By
examining number sentences like the following, chil-
dren can see a pattern develop:

10+-10=1 90+10= 9
20+-10=2 150+ 10=15
I0+-10=5 230+ 10=23

If number sentences like the following are next
introduced, children can see how a pattern involving
remainders develops:

10+-10=1 because 10=1 X 10
11+-10=1r1 because 11 = (1 x10) +1
12+ 10=1r2 because 12 = (1 x 10) + 2

26+10= 216 because 26=(2X 10) + 6
153+ 10= 1513 because 153 = (15 X 10) + 3
928 + 10 =92 8 because 928 = (92 X 10) + 8

Children may develop a table to show the remainders
when using various divisors:

Number of
Divisor Possible Remainders Possible Remainders
2 0,1 2
3 0,1,2 3
4 0,1,2,3 4
| 5 0,1,2,3,4 5

Algorithms with factors greater than bese: Many
children find division using larger numbers difficult.
To insure success it is important to develop carefully
and sequentially the ideas involved. Children nced
many experiences answering such Questions as the fol-
lowing; '

a. What is the greatest whole number that makes
the sentence n X 7 < 47 true?

O
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b. What is the greatest multiple of 10 that makes
the sentence n X 7 < 216 true?

¢. What is the greatest multiple of 100 that makes
the sentence n X 3 < 602 true?

Children need help in finding the number of places
a quotient will have. For example, 234 -+ 7 will have
a two-place quotient because 10 X 7 < 234 and

50

56



E

RIC

Aruitoxt provided by Eic:

100 X 7 > 234. Therefore, the answer will be a two-
place numeral, more than 10, but less than 100. There
should be many experiences of this type to help chil-
dren determine the number of places in the quotient.
As these experiences are examined and discussed.
patterns will emerge:

) quotient will have 1 place
_)___ quotient will have 1 or 2 places*
) —__ _ quotient will have 2 or 3 places

*Use the multiplication chart to sze where the pattern
changes for each one-place divisor.

Although children will be expected ultimately 1o use
the conventional algorithm for division, it is far better
that they continue to use a longer, less efficient form
with understanding than to us¢ thc conventional al-
gorithm mechanically.

3. SQUARE ROOT OF A NUMBER

The multiplication chart shows the square root of

O

certain products. For example, since 49 is the product
of two like factors, 7, the square toot of 49 is 7.

ot Square Roots
x{ol11203] 4] s] 6] 7{ 8{ 9]
0
1

12 PRODUC
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RATIONAL NUMBERS

Many operations can be performed by using whole numbers. As work with problems incteases and mathc-
matical experience broadens, it becomes evident that there is need for other seis of numbers. For example, there
are measuring situations for which the whole numbers are insufficient. In subtraction there are pairs of whole
numbers for which there is no answer in the sat of whole numbers, 3 — § = [, Similarly, in division, there are
pairs of whole numbers which have no quotient in the set of whole numbers, 5 ~2=[Jor 9 + 13 = "I, These
and other situations indicate that additional sets of numbers are needed in order to complete problems like thosc
above.

The set of numbkrs conventionally introduced after the set of whoie numbers is the set of positive rational
numbers and zero, which are the fractional numbers. Propertics for operations on fractional nunbers are de-
veloped from properties for operations on whole numbers,

These two sets of numbers, the whole wumbers and the fractioral numbers, are studied in detail in the
elementary school and form the major portion of elementary mathematics. Included in the study of fractional
numbers is decimal notation. A third set of numbers, the integers, is introduced in the clementary school. Integers
and the real numbers are studied in detail in the junior and senior high school.

Each succeeding number system represents an extension of the system previously studied in that definitions
and propertics of earlier systems are used to develop subscquent systems. Careful development of the systems of
whole numbers and rational numbers, particularly fractional numbers, is necessary in a pregram of elementary
mathematics.

Mathematical 1deas Mustrations and Explanations

Fractional Nuimbers
1. NATURE OF FRACTIONAL NUMBERS

An ordered pair of elements is a (Dick, Joc) shows D:i.k first and Joe second.
pair of elements with one desig-
nated as first and the other desig-
nated as cecond. i (2, 3) shows 2 first and 3 second.

(cart, car) shaows cart first and car second.

Ordered pairs of numbers with the Regions
firs. number a whole number and

the second number a counting nur-

ber constitute the beginning idea ot

fractional number. Ordered pairs of

numbers can be related to regions,

segments, and sets of oblecls.

3 pars of the same size
with 2 shaded

(2, 3) shows relationship
between shaded parts and
unit

8 parts of the same size
with 3 shaded

(3, 8) shcws relationship
between shaded parts and
unit

(4, 3) shows each unit
separated into 3 parts of
the same sive with 4 of
these parts considered.

Q 52
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Mathematical Ideas Jilusteations and Explanations

Segmeants
(1, 2) shows 1 of 2 parts of the
saee length.

The ordered pair (a, b) =s applizd to a unit region or a uait segment
shows that the unit is split into b paits with a of them being considered.

Sets of Objects

A\X X (1, 3) shows 1 of 3 equivalent sefs
x/x x
®xx (2, 6) shows 2 ~f 6 cquivalent cets
®x x
A fraction is a symbol tuat names Ordered Pai Fracti
an ordered pair of numbers. It also rdered Tair raction
nanies the fractional number. (2,3) 2 Read two thirds or 2 divided
2 by 3
3,8) 3 Read tiree eighths or 3 di-
8 vided by 8
(4,3) 4 Read four thirds or 4 di-
3 vided by 3
The bar separating the two whole numbers is a syrubol of division as in
the division sign,“+.”
‘the quotieat of any two whole
.umbers may be expressed s 2 In the ordercd pair (2, 3) the first numbei, 2, is called the numerator
and the s sord number, 3, is called the dr nominator.

fractional number.

3=2.4.3=48:4=28
2+3=5i4+3 heea=g

'The ordered pair (a, b) is shown as the fraction % where a, b are

lered pair (a) is

whole numbers, b 7 0. The first menber of the o~
s called the de-

called tie numerator and the second nuniber (b) i
nominator,

A fractional number can be thought 1 [l

of as tepresenting a purf, portion 2

or amount of the region, seg.neat, Of

set. An infinite number of ordered 2_[—‘ ‘
4

pairs pames the same fractional
number.

3 -
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Mathematical Ideas

filustrations and Explanations

O

Equivalent fractions: Fractions that
name the same fractional number
are called equivalent fractions.

An equivalent fracticn for any
fractional number can be obtainad
by:

Multiplying the numerator and
denominator by the same count-
ing number using the properties
of one, that one times a number
is that number and that a num-
ber divided by itself is one.

Dividing the numerator and de-
nominator by the same counting
number.

Two fractions with like denomina-
tors are equivalent 1f and only if
their numerators are the same.

ERIC
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Each shaded bar is the same part or amount of the unijt region but
each part is named with a different fract:on. Each fraction names the
same fractional pumber.

The fractions resociated with each region above are different pames

. 1 _2_3_4_5 .
for th fractional ber: — = - == = — = 2 The fracti
t the same fraction numr2 2 6 % 10 ¢ fractions
are equivalent,
Example:
Fiactiona! number. :quivalent to 3
*XIO[IX2:~2' z':l
2 2x2 4 2
1x5_35 5_
X510 s =1
_5_—:-|os_+._5_.=.!. i:]
15 5+5 3 S
Example: = = = 3irce denominators are alike and numerators are
the same, 3 = 3
4 4
3 _Io 5 _10
8 16 8 16
Sx2 10x1 10 _10+2 5
gx2 7 16x1 16 16-2 7 8
lo 1o s_5
16 16 8 8
S
8~ 24
x4 i5x8
8X24 T 24x38
5X2  15x8
192 192
54
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Mathematical Ideas

1llustrations and Explarations

120 _ 120
192 192
a _ ¢
b d
axd cXb
bxd dxb
Any fractional numbcrs -Z— and % are equivalent if and only if a X d
=b Xc
Aznv one unknown term of two Examples:
equivalent fractions may be found
by using the idea that two frac- 4 n 4X35=7Xn a=4 c¢c=n
tional numbers are equivalent if 75 35 b=7 d=135
and only ifa X d = b X ¢
_4_ _ _2_0‘ 4Xn=7%x20
7 n
n 20 nx35=7x20
7735
4 20 4X35=nx20
n -~ 35

Along the number line: Each whole
number can be matched with a single
point.

Each fractional number can be matched
with a single point.

w—b‘-ﬁ—h
10

3

Each unit segment is divided into 3 parts of the same size to indicate
thirds.

1~ 2 3.
4 4 4 4 4

Each unit segment is divided irto 4 parts of the samc size t0 indicate
fourths.

The fraction 2 is matched with a point on the number line by splitting

the unit segment into b pieces of the same size and matching the point
at the end of a pieces.

ERIC
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Mathematical Ideas Nlustrations and Explanatio.s

o

Each f.racti.onal number can be namf:d o Oi 1| 2
by an infinite number of ordered pairs
of numbers. 0 2 1 2
m—*——_-——mu
0 3 1 2
M————-—-—lﬁ——_\n
4
0 E; 1
B o T ST — — ke scnbennder btk
! ! R | [ ! !
0 i i 1 i i | 2
T ! i 1 ! | | I
E i ; i i ! ; ;
b N N
2 2 H 2 ) 2 H 2
H H i i H ) i i
! ! ! ] [ ' ! )
0 1 2 3 4 3 6 7 8
4 4 4 4 4 4 4 4 4
} H i i i i i ) ]
N ) : ! i ! : !
0123 45 6 78 9101121351415 16
8 8 8 8 8 8 8 8 8 8 8 8 8 3 8§ g8 8
A fraction js said to be in ils 8 4x2 4 is a common factor, therefore
simplest form when the numera- 127 4x3
tor and denominator are relative- .
Iy prime—have no common fac- 8 8+4 2 (the simplest form)
tor greater than one. 12 7 12+4 7 3
S = 3x3 (no common factor— 3 is the simplest foru1.)
10 Sx2 10

9 and 10 arc relatively prime.

Order of fractional numbers: The Since the length of the segment

order of fractional numbers can be
shown using the number line. A
given number is lcss than each num-
ber to its rigut and greater than
each number 1o its left.

associated with 3— is longer than

the segment associated with g.

: 2 3
> ra

3 2
3 3and3<

Two fractional numbe:s can he Example: Compare 2 and —::3
compared by renaming onc or 3
both so that they have the same

: . 2 _ 8 3 _9
denominators. Coniparing the nu- 370 == =
merators  will show which is 4 12
greater.

56
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Mathematical Ideas

Itustrations and Explanations

Density of fractional numbers: An-
other {ractional number can slways
be found between two given frac-
tional numbers. This property is
known as density. Whole numbers
are not dense because another whole
number cannct be found between
two consecutive whole numbers.

2. OPERATIONS ON FRACTIONAL
NUMBERS

Addition: The addition of frac-
tional numbers, as with the addition
of whole numberg, is the binary op-
eration on two numbers called ad-
dends to produce a third number
called the sum.

ERIC
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3 2
Since 9 > 8, - =
ince 3 > 4>3

Given any two fractions % and Ed one of the following is true:

a_ec a_c¢ 8¢
b a b a%b  a
0 1 2
RIS
1 !
4!!,
il i
16‘1
3 2
8

Between 1 and 1 is the fractional number -3—. Between 1 and 3
4 2 8 4 8

is the fractional nu.nber -is-s- This process can be continued indefinitely,

leading to the idea that there is an infinite number of fractional num-
bers between any two given fractional numbers,

To add fractional numbers named by fructions with the same de-
nominators, the numerators ase added and the same denominator used.

k2
9

||
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. . a c . .
Given two fractions b and y with the same non-zero denominator,

a [ a+tc¢
o+ .
b b b

To add fractional numbers with unlike denominators the addends are
renamed so that all denominators are alike, and numerators are added
as with fractions having liks denominators.

Examples:
3 ,7_ 3_3%x2_6
atsT0 T Ty
$,71-13
8 8
‘. 6 7 6 6Xx7 42
' 1 _1x6_ 6
7 Tx6 42
35 6 41
== 4 = =
42 42 42

Another way to rename addends so that all denominators are alike,
uses the idea of the least common multiple. (l.c.m.)

Examples:

+-=0 To find the L.e.m. of 6 and 9:

=
L-R

Couating number mulliples of 6 = 6, 12,{18.)24, 30, 36, 42 . ..

Counting number multiples of 9 = 9, (18,027, 36, 45, 54 . .,
lLem. of 6 and 9 = 18

Heace the least common multiple of the denominators is 18.

.l + i = }.. _8... = _I_l
6 9 18 18 18
i 4 5 _
-+ =4+ == To find the l.e.m. of 6, 9, and 12:
6 9 12
Q 58
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Mathematical Jdeas

1lustraiions and Explanations

Subtraction: The subtraction of
fractional numbers, as with the sub-
traction of whole numbers, is the
inverse. operation of addition and is
the operation of finding an addend
when the sum and the other addend
are known.

Counting number muliiples of 6 = 6, 12, 18, 24, 30,

lem. of 6. 9. and 12 = 36

S_6 .16 15 3
12 36 36 36 35

To subtract fractionai numbers named by fractions with the same de-
nominator, the numerators are subtracted aad the like denominator
used.

-19—2 - ;5; = % Since subtraction is the inverse of addition
7 5 12
— + - = =
9 9 9

A picture” of the separation of parts in sublraction can be shown by
movement to the left on the number line.

Mudtiplication: Multiplication of frac-
tional numbers, as on the set of whole
numbers, is the binary operation on
two numbers called factors to produce
a third number called the product.

ERIC
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a > c assures that a — c is an element of the set of whole numbeis,
so that the result of subtracting fractional numbers, under the stated
resirictions, is another fractional number.

To subtract fracticnal numbers named by fractions with upnlike de-
nominators, the sum and the koown addend are renanied so that de-
nominators are aiike in the same manner as descnbed for addition.
‘Then the subtraction is perfomed as with fractioas having like de-
nominators.

To multiply fractional numbers, the numerators are multiolied and
then the denorninators are multiplied.



Matheinatical Ideas

lustrations and Explanations

An algorithm for multiplication of fractional numbers can be de.
veloped by capitalizing on the student’s kanowledge of the use of “of”
in a 1nathematical sentence such as:

of 4 = 2 -%of10¢25¢

IR

The use of “of” in a mathematical sentence may be interpreted through
a patiern as follows:

. 8 X 6 =48 )
Eof8=4 4%xX6=24 —~ of 48 =24
Lota=2 2% 6=12 1 ota=12
2 2
%of2=l 1X6=6 ~of12=6
1 1 1 1
2ag1=1 ly6=3 1 of6=3
2 of1=3 2 2 °

Where one factor is halved, the product is halved. As the pattern con-

tinues, it can be seen that % X 6 means the same as % of 6.

To find % of -E- use the model:

3
5

Wl
o -

15

1
Hence, = x
3

w ey
—
W

It can be observed that the numerator of the product equals 1 X 2 and

. - 1.2
the den t Is 3 x 5, th fying that = x == ——= =2
¢ deaominator equals 3 us verifying tha RCRETTIRT

Another way 10 illustrale the algorithm for the muitiplication of frac-
tional numbers is to use 2 rectangular region.

60
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Lusteations and Explanations

Division: The division of fractional
numbers, as in the division of whole
numbers, is the inverse operation of
multiplication and is the cperation of
finding a factor when the product and
one factor are known.

ERIC
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The area of a rectangular region with side measures that are whole
numbers is found by multiplication.

Area = 3 rows of 4 sq.
units each

Area = 3 X 4 = 12 sq, units

—— o —— o

s 4 ——

It is reasonable to use muliiplication to find the area if the side
measures are fractional numbers.

w o

\_._._.v___./

4
5

Area of the region is 1 square unit. Side measures are [ linear unit,

The shaded reglon measures —23- by g The area of the rectangular
region measufir.g -i— by % is -I§S— of the square unit. Hence, it is sensible

2 4 8
tor = X — to be —.
AT AT

The product of the denominators shows the number of equal-sized
pieces in the unit square. The product of the numerators st.ows the
number of pieces in the smaller region.

X
X

o
L]

X

1f % acd 5‘ are fractional nvmbers, the product is
u

lo
o

2
b

(=}

Division of fractional numbers may be approached in more than onc
way. Mathematical ideas used in these npproaches are:

}. The quotient of any two numbers niny be cxpressed as a fraction:

a
a+b=2bx0
5P

61
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. Any number divided by itself has 1 as a gquotient:

—a=1,a;é0
a

. Any number multiplied by 1 has itself as product:

XK1=

o im
o lw

. Any number divided by 1 bas itself as quctient:

3+l:<a.
b

The reciprocal of a number i¢ that number by which the first num-
ber is multiplied to give the product, 1:

2 x b_axb _axb l,a»<C,b#0
h a hXa axb
- The produst of two fractional sumbers is the product of ‘he
numeraters divided by thie product of the denominators:
A& axe
b d bhxd
. The quotient of two fractional numbers is thz quotient of il..
nunerators divided by the quotient of th¢ densminators:
A8 23zxc
b d b3o
The quutient of two fractional numbers may be expressed as an-
other fractional numbe, frequently called a complex fraction:
a
a.c- b
b < <
d
. The inverse operation of division is multiplicaticn:

=¢andec X b=a2a

(-8

62
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The division algorithm may be developed by the use of a fraction
where the terms are fractional numbers, often called a cowplex

fraction: ‘
1 (1) Numbers refer to ideas on
1.1 _ 2 pages 61-62,
2 . l
4
1 4 () ()
=2 ,1
1N
4 1
i (6)
1,4
4 1
L4 )
=2 1
T
2 1
= i =72
2

Division by a fractional number is the same as multiplication by its

recipiocal.
a (H
b J <

d
a d ) @)

LI 2

T
d c
LYV | (6

- b X ¢
¢ d
— x —
d <
a4 )

=b_ ¢

|

=24 (6)

b X ¢
Q
ERIC 63
N
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Division by -:15 is the same as mmitiplication by its reciprocal, g
. c

Another approach uses the common denominator method. This metho

involves renaming the two fractions so that derominators are alike
then dividing the whole number numerators and denominators,
1 i 1 2 2 (2) (3)
—_ e — = - X == =
2 4 a 2 2 4
2,1 _2+1 M
4 4 4:4
- 2+1
1 4
=2
a.,c_axc @
b b b+b
=axe S
i
Inveise operation approach may also be used in developing the division
algorithm.
-§1+ %=Dmeans[]‘<% :%
In order to inake this mathematical senlence true, [ must be a number
which has % as a factor.
D) must be (% X A)
The mathematical sentence becomes (%— X A) X ; = 23-
Applying the associative property:
2 5 2
- X X ~=)=2
3 (4 7) 3
lf%-X( )= %,thcn( )=1and(AX%)=l
7.7 5
Therefore, £, = = since = X 2 =}
G = g vince ¢ % 3
2 17 5 _ 2
—_ X - X = = 2
(3 5) 7 3
2.1 2.5 2 1
‘ Then (= x )= Therelore, £ + 2 = £ x £
(3 S) O 3 3 5
64
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PROPERTIES OF ADUITION ND SUBTRACTION OF FRACTIONAL NUMBERS

The saine properties that hold true for add'tion nnd sabtraction with respect to the set of whole nurabers also
bold true for addition and subtraction with respect to the set of fractional numbeis. In hrief these are:

Acddition Subtraction

1. Closure 1. Not closed

2. Cominutaiivity 2. Not commutative

3. Associativity 3. Not assaciative

4. Identity element {zero) 4. Noidentity (a ~ 0 =2, but 0 — a ¢ a)
5. No inverse element 5. No inverse eiement

PROPERTIES OF MULTIPUICATION AND DIVISION OF FRACTIONAL NUMBERS

The properties thet hold true for multiplication apd division with respect to the set of whole numbers also
hold true for muitiplicadon and division with tespect to the sct of fractional numbers.

Multiplication flivision
1. Closure I. Ciosure
2. Commutativity 2. Not commutative
3. Associativity 3. Not associative
4. Identity element {one) 4. ldentity clement (one) on the right only
. - ¢ \ a a
5. Distributivity over addition L IR R
g b b b b
. Distributivit N i T . ,
6. Distributivity over svotraction 5. Distributivity over addition from the right
7. Multiplication property of zero hand side only
8. Inverse 6. Distributivity over subtractica fror the right

hand sid¢ only

The reciprocal or inverse property is tiue under the multiplication of fractiona) numbess but not for whole
numbers. U states: lf a and b are whole nivnbers, a and b+ 0.
axlcoyrandd x 271
a b a

. . . . !
~ is called the reciprocal of ¢ and a is cailed the reciprocal of =
a a2

b and % arc reciprocals of vach other.

The reciprocal of a number is the number by which the first number must be multiplicd te give a product
of 1—the identity element. Every fractional number, except 0, has a reciprocal. Another name fur the reciprocal
property is the multiplicative inverse property.

The closure property is added to the list of propertics under division for fractional nuiabers. Since the divi-
sion of onc fractional number by arother fractional number, crcluding zero as a divisor, will always yield a
fractional numbcr as the avolicat, the set of fractional numbers is said to be losed with respect to division,

El{lC 65
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Mathematical Ideas

Illustrations and Explanations

The Integers

E

1. NATURE OF INTEGERS

The set of integers consists of the
sct of whole numbers and the set of
negatives of the nutural or counting
numbers,

The positive int. eers are: the same
as the jct of ccunting nu:bers.
Often for cmphasis the raised
plus sign is used for positive num-
bers. ‘The number +35 is read
“positive five.”

The raised dash denotss a nega-
tive number. The integer 5 is
rcad “negative five,”

1t should be kept in mind that these
raiscd symbols, © and -, are rart
of the names ot the nurihers and
not operatioridl symbols. It is agrced
that, if 2 numeral has no sign, itis a
rosiive integer,

Positive and ncgative integers may
be used to derote change in direc-
tion from one position to another.

Positive muy indicat: a change
that is an increase.

Ncgative may indicatc a change
that is  decrease.

Atroas may be used to represent
changs.,

Arrows pointing to the right or
up indicate positive integers.

O

RIC
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275,774,302, 1,0,1,2,3,4,5, L,

1,2,3,4,5...0r

tlooT2oH3, 415,

Growth of 2 inches; incrcasing change of 2; + 2
Deposit of $50; inceeasing chunge of $50; +50
95 feet above sca level; 1 95

Loss of 375; decreasing change of $75; --75

Tenperature of 5° below zero; decreasing change of 5° from O;
-5

IS in the hole; decreasing <hange of 15 from 0; - -15

+3 (2ain of 3) +3




PN e AT v et i i =

Mauthematical Idcas

Itlustrations and Explanations

Arrows pointing to the left or
down indicate negative integers.

Points on the number line that
match positive and ncgative integers
ir.dicate change from 0.

2. ORDER OF INTEGERS

On the number line any integer is
less than any other integer to the
right and is greater than any to its
ieft. Any integer is Jess than any
integer above it and greater than
any below it on the vertical num-
ber line.

O

ERIC
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+4  gain

~4  Joss

{(loss of 3)

5 —A =3-2-1 0 +1+2 43 +4 45

Joss  Gue— wsm.amesmp E3i0

—6=5—4 —3~2—1 0 +) +2 +3 +4 +5 46

Loss of 3isless thanalossof 1. =3 < 1.

A temperature of +3° is higher than a temperature of

=7°. 3> 17
0>-—-2

15> —17

-2<0
—1«0

s - et i o+

67
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Mathematical Ideas Tllustrations and Explanations

)

3.

Two integers the same distance from On number lines above the followi. _ upposites may be noted:
0, one to the right, the other to the

left on the numter line, are called

opposites or jnverses. . Opposites

—3 and *3 are oppositzs
—5 and +5 are opposites
—9 and +9 are opposites

—10 and 10 are oppusites
0 is neither positive nor negative; it is its own opposite.

The Additive Inverse Property: The —6 is the additive inverse of +6
additive inverse of an integer is the

same as the opposite of the integer.

. 0 +5
The sum of a number and its

- . *+5 Gainof §
additive inverse is 0.

wo{ —5 lossof 5
-5

Gain of § then loss of 5 is 0
(*S)Y+ (—5)=0

N+ (N =0
(—10) + (*+10) =0

OPERAT ONS ON INTEGERS

Addition: The addition of integers, The sum of two integers may be found by using the number iine.
as with the addition or whole num-
bers and fractional numbers, is the
operation of finding the sum of two

- + + + +4 + + +7 +
addends. 1 0 | 2 3 4 +5 6 7 8
The sum of two positive integers +3 +4
is the same as the sum of the
equivalent counting numbers, a (13)+ (*4) =47

positive number.
-8 =7 -6 -5 -4 -3 -2 -y 0 +1 +2

The sum of two negative inmw
is a negat've in:eger. This sum is 3

the negative of their combined —3) 4 (—4) = —
distances from zero on the num- (—3)+(—4)=-1
ber line.

\

\ )

LRGN -

5,
\
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Mlustrations axd Explanations

The sum of a positive and a
negative integer when the positive

-5 -4 -3 -2 -1 0 +1 +2 3 +4 +5

3 s L " "

number is farther from O on the @
number line is a positive number,
The sum is the difference of their
distances from 0.

" 3 4 " I

(+5) + (—2)=+3

-5 —4 -3 -2 —1 0 +1 42 +3 +4 45
2 1

The sum of positive and negative «f
integers when the negative inte-
ger is farther from O oa the num-
ber line is a negative integer. The
sum is the uegative of the dif-
ference of the distance from O.

The additive inverse property is
useful in finding the sum of a
positive and negative integer.

Subtraction: The subtraction of in-
tegers, as with the subtraction of
whole numbers and fractional num-
bers is the operation of finding the
missing addend when the sum and
one addend are known.

The difference ¢ — b on a number
line is the change in moving from

(+3) +(~5) =2

To find the sum (+9) + (—3), + 9 is renamed as [(¥6) + (+3)]

9+ (=3) =[(+6) + (*3)] + (73)
+6 + [(+3) + (—3)]
+6+0

+6

1l

assnciative property

]

additive inverse

To find the sum — 16 + +G,--16 is renamed as [(—7) + (—9)])

(—16) + (+9) ={(=7) + (D] + (*9)
=(=7) v [(=9) + (+9))
==7+0
=7

associative property

additive inverse

—4 — (+3) is the number that added o +3 makes —4.
—4 — (+3) = O means O + (+3) = —4

6 — (—5) is the number that added to —5 makes 6.
6—- (8 =[meansO+ (—5)=6

ifa, b, and c are integersand a+ b =c, thenc—b =2

—4 = (+¥3) = means O + (+3) = ~4
-3 -2 -1 0 41 +2 +3 44

b to ¢. The direction of movement —4
determines whether the missing ad- ‘-===—_.

dend {8 positive or negative.

From +3 1o —4 is 7 units. The direction is n:gative, hence O = —7
—4 - (13) =1

I T b s B e 17 el RS
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The product of a positive number =13-12--11-10—-9 ~8—-7-6 ~5—4 —3—-2~—1 0 +] 42 +3
and a negative number i, a nega-
tive number.

6— (~5) = means J + (—5) =

—6 =5 -4 -3 -2 -1 0 1 2 3 4 5 6

! »> b

From —5to 6 is 11 units in a positive direction, hence [] = + 11

Using the definition of subtraction, “S—-(C7y=[means )+ (=7) =—5
a+tb=candc~b=a,itcan be
shown that to subtract b from ¢ the 0+ D)+ (77) = =5 1 (+7)  (If equals are added to equals,

additive inverse of b is added to c. the sums ar: equal. 3 +4 +2 =17+ 2)
O+[CED +ED)I==5+(+7) associative property
O+0=~-5+ (7 identity element
=-5+ (+7)
O=2

To subtiact —7, add its additive inverse, + 7.

Multiplication: The multiplication of
integers, as with the multplication
of whole numbers and fractional
numbers, is the operation of finding
the product of two factors.

The product of two positive in- (*5) X (+6) = +30
tegers is a positive integer, the
sam® as the product of the equiv-
alent counting numbers.

See Operaticns on Whole Numbers: Multiplication

~4

(*3) X(-4)=—"12

The decreasing factor approach develops a patterr. which is useful in
illustrating this product.

+2X +3=+6
+1X+3=+3
O0x+3= 0

~IX+3= x  The product decreascs 3 each time. !t the pattern
—2X+3= y continues, x must be =3 and y, —6.

70
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The product of two negative in-
tegers is a positive number.

Division: The division of integers, as
with the division of whole numbers
and rational numbers, is the opera-
tion of finding the missing factor
when the product and one factor are
known. The missing factor is called
the quotient.

The quotient of two positive in-
tegers is a positive suinber, as in
the division of counting numbers.

The quotient of a positive integer
and a negative integer is a nega-
tive integer.

The quotient of a negative integer
and a positive integer is a nega-
tive integer.

The quotient in the division of
two negative integers is a pasitive
integert

The decreasing factor approach is useful for finding the product of two
negative nurnbers.

5Xx—4=—20
4x—4=-16
3IX—-4="12
2X 4= -8
1X—4= —4
0x—4= 0
“1X—4= x
—2X—4= y
“3xXx—4= 1z

Since each product increases by 4, it is sensible for x to be +4, y to be
+8 and z be +12.

+15 + v3 =0 means [] X *3 = +15

Since t5 X +3 = *+15
+15 + +3 =45

+12 + (—4) =[] means (—4) X ] = +12

Since (—4) X (—3) = +12
12+ (—4) = =3

(- 12) + (+3) = [ means (+3) x O =12

Since +3 X (—4) = —12
=12+ +t3=—4

=12+ (—3) = [ means ~3 X (] =12

Since (—3) X (+4) =—12
(—12) + (--3) = +4

The rules for operations on positive and negative nuribers should be
stated only after much work using concrete examples and the number
line as illustrated above. They may be delayed completely until junior
high school with no loss. Danger exists in the formulation of gen-
cralizations too eaily.

n
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Negatives of the Fractional Numbers —1 0 +1
1. THE NATURE OF NEGATIVE FRAC- “II_“__“*{F—
TIONAL NUMBERS 4 -3 Z2 -1 90 +1 12 *2 4
) 4 4 4 4 4 4 4 4 4
Just as each whole number has its
opposite, each fractional number has
a corresponding number an equal Opposites
dictance to the left of O on the num- -3 +3 ~3 43
ber line, called the negative of that — nad — — 4+ —= =0
fractional number. The sum of any 4 4 4 4
pair of opposite fractional numbers -5 and +5 -5 N 15 _ 0
is 0. 4 4 4 4
2. OPERATIONS ON NEGATIVE FRAC-
TIONAL NUMBERS
Rules which apply to operations an
negative integers apply to operations
on negative fractional numbers.
Addition: Examples:
-1, —1 -3 -4 _ -7
—_t — = = g s = L
4 3 12 12 12
+5 - + - +
8 8 8
Subtrection: Examplos:
o1 _ 2
4 3
— +
=1 4- 12 additive inverse
4 3
- +
= 1—; + —1—:- fename
+
=: l_; additicn
R
2 3
= :;— + -—% additive inverge
-3 -4
= «— 4 — rename
6 6 om
= ——Z' addition

°o . ”
ERIC | LT
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Mathematical ldeas Mlustrations and I:xplanations
Muhiplication: Exaraples:
o2
5 3
_ Flx-—2
5%x3
=22
15
LV
3 6
_ T1x—$
X6
_ 15
18
Division: Erample:
s.d
8 ?

= 3 X 2 reciprocal
8 1

Decimals
1. NATURE OF DECIMALS
Decimals are symbols for fractional

numbers having denominators which
are some power of ten. The decimal

form of % is .3. The denominator

is not written but is indicated by the
nuzaber of places to the right of the
decimal point. The term decima)
meaas that the place value notation
is used lo express fractional num-
bers.

ERIC 19

Aruitoxt provided by Eic:
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Hlustrations and Explanations

Decimals can be represented as a
sum of fractional numbers each of
whose denominators is a power of
ten.

Every fractional number, :— (b =

0), can be expressed using powers
of ten as denominators either as
terminating decimals or as repeating
decimals:

Terminating decimals: Any re-
tional number whose denominator
has only 2, 5, or 2 and § as jts
prime factors may be written as a
terminating decimal,

Repeating decimals; Any rational
number whose denominator has
ptime factors other than 2 or §
nay be wrilten as a repeating
decimal. In repeating decimals
the sequence of digits which re-
peat in the quolient repeat peri-
odically in the same order. The
number of digits in the repeating
period will 1iever be greater than
the divisor minus 1.

O
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.§. =05

10

75 70 5 7 5 75

—_— = —_— — = ——= = 0.7§

100 100 * 100 10 * 100 100

125 _ 100 20 5 1 2 5 _ 125

—£2 =—+ 32 =10 g0
1000 1000 1000 1570 10 ' 100 @ 1000 1000

1 _os

2

2 =04

5

.1:—-—-..1 —l-=0.25

4 2x2 3

1__ 1 L oas

8 2x2x2 %

L1 1_4

10 2xs5 10

1 1 1 )

_—_ 7 — = 0,025

40 2x2x2x35 40

1__1 1 =0.1666. .. (repeats 6)
6 2x3 6

1.1 L =0.0333. .. (repeats 3)
I 2x3xs 30

1—3‘1- =02727. .. (repeats 2°)

2 = 0428571428571 . . (repeats 428571)

7
A bar over a set of digits mecans that this set of digits is repeated.

3 = 02121=077
T

1 —
= = 0.666=0.16
6

74
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2. OPERATIONS ON DECIMALS

Addition: Bucause a decimal and a A5+ 2l = — + = — =96
fraction may be used to name the 00
same number, addition of decimals
can be devcloped from what is
known about the addition of frac-
tional numbers.

1 Because decimals use place value 0.75 + 0.21 = 96or .75
\ notation, addition can be developed + .21
) from what is known about the addi- 96
] tion of whole numbers.
75 hundredths + 21 hundredths = 96 hundredths = .96
185+ .7=2550r 1.85
+.70
2.55
Subtraction: As with the addition, J5—.6=(7+.05) — .60 5
the subtraction of decimals may be -~ .60
developed from what is known =(7-.6)+.0§ 15
about the subtraction of fractional
numbers and whole numbers. =.1+.05 75
-.6
=.1§ .15
From knowledge of place value 6.45 6 ones + 4 tenths + S hundredths
rotation and its use in addition -2.33 — 2 ones + 3 tenths + 3 hundredths
and subtraction of decimals it 4.12 4 ones + I tenth + 2 hundredths or 4,12

may be generalized that ones’
place, tenths' place, etc. are
aligned in vertical form by align-
ing the decimal points.

Multiplication:  Multiplication  of Ix2=2x2-3%X2_6 _ 06 x ;

decimals may be developed from 10 10 10x10 100 =<

what is known about the multiplica- 06

tion of fractional numbers. 8 ) © 6
8 62 _ 8 X 62 _ 496 .

Bx.62=15 ¥ 100 10x100 1000 x.8

496

The product equals the product of the whole numbers in the numera-
tor divided by the product of the numbers in the denominator.

ERIC
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Mathematical Ideas Illystrations and Explanaiions

The development of a pattern showing division by powers of ten may
prove useful for the understanding of the placement of the decimal
point in a numeral:

Pattern:
__1_. =.]
to
— =.01
100
1
—— =.001!
1000
1. 0001
16000
35x 02333, B _35x 23 _ gos
10 1000 16X 1000 10,000
3.5 % .023 = 023 x 3.5 023 35
X35 7,023
0115 .0105
.069 .070
.0805 .0805
The product equals 23 x 35 divided by 10.000.
L o . 2. 6 . 3
Division: Division of decinials may 6+ 3= 0 702
be developed from what is known ! 10
about the division of fractonal num-
' bers. The division of decimals is simplificd by using the properties of 1,

n . , .
nX 1l =nand = =1,n s 0, to obtain an equivalent fraction.
n

96+ .12 = _9_6 X 1@ = '9_6. X,.,_og = 9 .
A2 100 .12 x 100 12

96 + .12 = .12).96 12)96

15+ .25 = 13 o 15 X 1000 1500 0

125 125 X 1000 128

125)15. 125)15,000

Q 76
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Mathematical Ideas

Nlpstrations and Explanations

Ratio and Proportion

1. THE NATURE OF RATIO AND PRO-
PORTION

Ratio: A ratio is a comparison of
two numbers by division. A ratio,
therefcre, is a rational number. Tt
may be expressed in the following
ways:

3,5); -53-; 3+5;0r3:5

{read “3 is to 5” or "3 out of
5]' or “3 Wr 5,))

ERIC
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A ratio is a way to compare two numbers:

3 shaded parts to
5 congruent parts

The ordered pait (3, 5), meaning 3 out of 5, represents the ratio of the
shaded portion to the entire region. The shaded portion is -: of the

rcgion.

6 shaded parts to
10 congruent parts

The ordered pair (6, 10), mearing 6 out of 10, represents the ratio

of the shaded portions to the entire regicn. The shaded portion is %

of the region.

Illustrated in another way:

1 piece of candy costs 3¢

. 1
1, ~
DO @
I¢ 19

- . (1 out of 3)

or

(1 per 3)
Two pieces of candy cost 6¢

(2 out of G)

( ) @ @ —
(2.6) or or (2 per 6)

77



~

Mathematical Ydeas

Illustrations and Explanations

Proportio.r: A proportion is 2 state-
ment that two or more retios are
equal.

2. PROPERTIES AND OPERATIONS

Sioce a ratio is a rational number,
the operations and properties for
rational numbers apply to ratios.

Percent
1. NATURE OF PERCENT

A percent is a special ratio which
always hes 100 cs jts denominator.
100, therefore, is always the basis
for comparison,

In general, t.e rational numbe: :—,

can be ex;iessed as percent by find-
ing the number ¢ in the statement,
1.c
b 100

-—
=

2, OPERATIONS WITH PERCENT
Solving prodbiems using percent.

Three pieces of candy cost 9¢

(3 out of 9)
or

ORORONNC
@ @ @ (,)Orgor(-per)
ONO

As shown in the illustrations above:

is read “qis to b as cis to d”

oiw
(-,

10% means 10 per hundred, expressed as (10, 100) or 1—’%

15% means 15 per hundred, expressed as (15, 100) or %

= < js interpreted: a is ¢ percent of b or

1
per b is the same as ¢ per 100, or a is to b as ¢ is to 100.

Example:
3 is what % of 87
3I=c% ot 8

78
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Mathematical ldeas

ustrations and Explanations
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Other ways of stating this are:

-3— is what percent?

3 out of 8 is the same as ¢ out of 100

3-.<
8 100
IX100=8X¢ definition of equivalent fractions
% X8Xc=3X100X -18- multiplication by the reciprocal of 8

This shows that 3 is 37.5% of 8.

Example: Bob sold S0% of his 12 rabbits.
How many rabbits did be sell?

Using the fundamental statement:

a out of b is the same as ¢ out of 100, 2= C
b 100
a out of 12 is the same as S0 out of 100

Two ways of solving the proportion are:
a _ 50

a
8 - 2V 2= 5
12 100 o 12
a=12x-§—0— a=12x.5
100
600
a:_—— = R
100 a=260
a=~6

6 out of 12 is the same as 50 out of 100.

Bob sold 6 rabbits. 1

79
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Mathematical ideas

Illustrations and Explanations
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Example: Hal sold 6 rabbits. Th.s was 50% of the rabbits he owned.
How many rabbits did he have before selling any?

6 out of b = 50 out of 100

6 _ 50 6

e A - = .5

b 100 o b

6% 100=50X%b 6=.5xb
600 = 50 X b 5Xb=6
50 I

._.
)
i
o
o
I
—_
[ 9]

6 out of 12 is the same as 50 out of 100.

Hal had 12 rabbits before selling any.

Example: Leonard paid 6% interest for the year on $400 he borrowed.
How much interest did he pay?

a 6

400 100

He paid $6 for $100, therefore, 4 X 6 for $400 or $24. Iconard paid
$24 interest.

Find the number of hundreds (in this case 4), and multiply by the
number per hundred (in this case 6), 4 X 6 = 24.

In general, any problem involving percent can be solved by utilizing:
1. The definition of ratio as a rational number
2. Properties of rational numbers

3. Interpretation of the statement as the proportion:

C .
—— or a per b is the same as ¢ per 100.
100 pe pe

Since the proportion given in 3 above may be used to solvé any problem

involving percent, the task becomes one of writing an appropriate
proportion.

80
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Properties for Four Aritk’

_ 1tions for Rational Numbess

To this point, the following sets of numbers have been introduced:

1. The counting numbers
. The whole numbers
The fractional numbers

. The integers

. The negatives of the fractional numbers.

With each set of numbers, the four operations of arithmetic and certain properties ¢f each set of nuribers

-with respect to these operations have been introduced.

The sets of numbers mentioned above include all numbers studied in the elementary school.

These sets of numbers make up the set of rational numbers. The set of rational numbzrs is defined as the set

of all numbers which can be expressed in the form ga where a and & are integers, except b # O. Since each of the

above mentioned sets of numbers satisfies this definition, each is a subset of the set of rational numbers.

Listed below are propetties for each of the four arithmetic operations with respect to the set of rational num-

bers—a, b, and ¢ being rational numbers:

Addition

1. Closure & + b is a rational number

2. Commutativity a+b=b+a

3. Associativity (a+b)+c=a+ (b+c)

4. Identity Element (Zero) a -+ 0=0+a=2a
S.

Additive Inverse a+ (—a) =0
(opposite)

Multiplicaticn

1. Closure a X b is a rational number

2. Commutativity aXb=bXa

3. Associativity (axb) Xc=aX (bXc)

4. Identity Element (One) ax1=1Xa=a

S. Muliiplication property of zero
ax0=0xa=0

6. Reciprocal (Multiplicative Tnverse)
a X L. 1 X a=]|

a a

7. Distributivity over addition:
ax{b+c)=(axb)+ (axc)
over subtraction:
aX(b—c)=(axb)-(aXc),b>c

O
ERIC o
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Subtraction

1. Closure a — bis a rational number
2. Not Commutative a--bs<b—a
3. Not Associative (a—b) —cs%ta— (b~ c)

4. Identity Element {Zero un the right)
a—0=a,but0—-asta

Division

1. Closure a-+ b is a rat.onal number

2. Not Commutative a< bs%tb-+a

3. Notl Associative (a +b) +csa+(b=+c)

4. ldentity Element (One on the right)
a+l1l=abutl-+-a£a

5. Distributivity over adJition (Distribution on
dividend oniy):
(b+c)+a=(b+ar: (¢ + a)
over subtraction:
(b—c)+a=(b+ar—(c+a)




TEACHING SUGGESTIONS FOR RATIONAL NUMBERS

Fracttonal Nunibers
1. NATURE OF FRACTIONAL NUMBERS

Young children begin to develop ideas of fractions
as parts of wholes as they share halves of apples,
cookies or vandy bars. The idea that halves of objects
may have many sizes and shapes grows as they divide
different kinds of objects. This understanding may be
applied 1o fractiona! numbeis in the primary grades
through paper folding. Exch child may fold a sheet
of paper into two parts of the same size and color one
part blue. Such questions as the following should be
1sed:

a. How many parts are colored blue?

b. How many parts are there in all?

The fractional number % should be recorded as the

pnint is made that the 1 tells the number of blue parts
and the 2 tells the number of parts in all.

This procedure should be repeated with fourths:
folding the puper into two ¢qual parts and again into
four equal parts, coloring one part red and two parts
green and using such questions as the following:

a. Hew many parts are colored red?

b. How many parts are colured green?

¢. How many parts are colored rcd and green?
d. How many parts are nol colored?

¢. How many parts are there in all?

As the fractional number 1 is recorded, emphasis

is again given to the idca that the 1 tells the number
of red parts and that 4 tells the number of parts in all.

As % is recorded, children can see that 2 tells the num-

ber of green parts and 4 the number of parts in ail.
As understanding of the meaning of fractional number

grows, children wii! discover that 51 and —Z— represent

the same fractional pait of the entire sheet of paper.

Models such as the following may be used:

A

D

As parts are discussed, numbers may be recorded
on charts as tollows:

A|]B|C]D
Number of
shaded parts 3Prags
Number of
partsin all Al1z]3s
A|B D
Number parts
not shaded 170]2
Number parts 4 121315
in all

Older children may write the ordered pairs as
(3, 4). Considering fractional numbers as ordered
rairs is not difficult for children if *he idea is con-
nected with a physical model. For example: Using this
model, askingz questions similar to those above, record-
ing the ordered pair as (3, 4) and stressing that the
first number of the ordered pair always tells the num-
ber of parts of the same size that are considered
(shaded) and the second number tells the total num-
ber of parts of the same size.

Using other models of fractional numbers children
may be asked to give the fractional number represented
and to write its name as a fraction and as an ordered
pair.

When using physical models for developing under-
standing of rational pumbers, it is ‘mportant to use
different kinc’s of models: Regions (circular, square,
and rectangular), segment;, and sets of objects. In this
way children will not get the notion that fracticnal
numbers are just parts, but that they are numbers.

Each child should have his own kit of fractional
models including wholes, halves, fourths, eighths,
thirds, sixths, and a model of a number line to use at

ERIC
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appropriate grade levels. These may be made by
children.

A number line can be used in developing under-
standing of the nature of fractional numbers. Starting
with a number line divided into urit segments, chil-
dren may see how a unit segment may be divided into
parts of the seme size and that fractions may be asso-
ciated with points on the number line. Number lines
showing halves, fourths, eighths, etc. may he made as
needed.

1 3
2 4
b. | color parts
named by:
AN
(3,3)
4 (5.8)
e

Word problems using fractional numbers may be
used. For example: Mother cut a cake into eight equal
pieces. She gave me 1 piece. What part of the cake
did she give me? What part of the cake is she keeping
for dinner?

Exercises of the following types may aid in de-
veloping understanding ot fractional numbers:

a. Shade the part of the figure that shows what
the fraction means:

&l
Wl

c‘_

[ ]

What does the number pair {2, 3) tell about

the picture?

What does the number pair {3, 5) tell about

the picture?

What does the number pair {5, 3) tell about

the picture?

d. Match the ordered pair with the correct pictures: (1, 4); (1, 6); (2, 3); (6, 12); (3, 4)

A K

© I |

e. Add labels where omitted on the following number line:

}

3

E R

SRR

o~ g—

=L

Egquivalent [ractions: Congruent models should be used to help children discover that there are many

names for the same fractional number. For example:

e

__ I

X (a)
ERIC

Aruitoxt provided by Eic:

) (c)

83

(‘\;89

e op ™ T ——— g i N -

—— o S




Such questions as the following can aid in the dis-
covery:

For mode! (a):
How many parts are shaded?
How many parts are there in all?

What fractional number is illustrated by this
model? (At this point the fractional number
should be r corded on the chalkboard as (1, 2)

1
or :-).
2)

Tiae same questions should be repeated for model
(b) and the fractional number recorded as (2, 4) or

%. and for model (c¢) and the number recorded as

4
4, 8) or —.
(4, 8) »

When this has becn done, the following questions
should be used:

Does each fractionai number represent the same
amount of space in the model?

2 4 .
Are ~1-, E' — names for the same fractional num-

2
ber?

Are there cther nimes for this number?

Can you demonsirate or prove this with a modei?

Fhis development should be repeated with other
1 2 3 1 2 3

=, or —, —, —

fractional numbers, sus YTy T T A B
ractiona such as 369 [ $'10° 1S

etc. using different types of models. btoth concrete
and semi-concrete.

A number line may be marked to show halves,
fourths, and cighths. Children may use this to show

otl:et names for segments of the line labeled % and l

Attention may be directed to the classroora where
physical models repiesen'ing equivalent fractional
riumbers may be seen: windoWpanes, panels, oo ti'es.

o - .

After many experiences with physical models, chil-
dren can be led to discover thai an equivalent fraction
can be obtained by mu'tiplying or dividing the numera-
tor and denominator by the same counting number.
For example: A chart simifar to the one in column 2
pages 53-54 (Rational Numbers) may be built with

O
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ckildren to show 2 units divided into halves, fourths,
eighths, sixteenths . . . As points are labeled and the
chart is more complete, children discover thet a frac-
tional number can be named by an infinite number of
ordered pairs.

In the beginning, children should use models to find
ecuivalent fractions. Once the notion is developed,
charts similar to those on page 53 may be placed on
bulletin boards for reference. Charts showing halves,
fourths, eighths, sixteenths . . . ; charts of halves, thirds,
siaths, twelfths . . . ; charts of halves, fifths, tenths . . .
saould be included.

Preliminary work with factoring numbers, finding
common factors, and finding equivalent fractions is
necessary before introducing the idea of fractions in
simplest form. When intzoducing “simplest form,” such
questions as the following may be used:

What common factors do the terms of ng have?

\What is the greatest common factor of 8 and 16?
What is the result when you divide the numerator
and denominator of 1—86‘ by the greatest common
factors of 8 and 16?

8 1 . ,
Are — and > equivalent fractions?

1
Do the terms of 3 have any common factors other

than 1?

Tt should be explained that 51 is a fraction in simplest

form because the numerator and denominator have
no common factors other than 1. This procedure should
be followed with other examples including some frac-
tions whose numerators will not be one in simplest
form and some fractions already in simplest forin.

After many experiences with physical models, chil-
dren are able to discover that an equivaleat fraction
can be obtained by multiplying or dividing the nu-
merator and denominator by thc sam: counting num-
ber. For example, by referring to 1 odels they can un-

derstand why: 2 2x 1 : 4 -

Crder o) fractional munbers: The number line may be
used to develop understanding of the order of frac-
tional numbers. The idea may be introduced on a large
demo.stration number line similar to the one on
page 56, with points located but unlabeled. When
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points have been properly labeled, questions like the
following may be used to lead children to use the num-
ber line to discover the order of fractional numbers:

Which segment on the number line is longer,

. | .
the one associated with E or the one associated

with 17
4

. L1
...the one associated with " or the one asso-
ciated with 7
3
. o 2
... the one associated with 3 or the one asso-

ciated with %?

Which are true: >

[N

Children may use a ttrip of paper of a unit length
which raay be folded to show halves, anothe: strip of
paper (same unit length) which may be folded to shov.
fourths, and another strip of paper (same unit lengih)
which may be folded to show thirds.

These nay be compared to show order of fraciional

numbers, —
L 1 |

1
2

wl-.._.

—

I

2

3

1
r2 3

4 4 4
After comparing many paics ¢f fractions in this way,
children should be able to generclize 11,4t a given frac-
tional number on a number line is less than the one to
its right and greater than the one to its Jeft.

Physical models may alse be used to compaie unlike
fractions with numerators of 1. Models similar to that
below may be used with questions.

Which is larger, % or %? After working with many

models of different unit fractions, children should be
able to generalize:

As the number of congruent parts of a whole
increases, the size of each part decreases.

ERIC ,,
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As the number of congruent parts of a whole
decreases, the size of each part increases.

After comparing unit fractions, children are ready to

compare unlike fractions in which one fraction needs
renaming.

Children may be asked such questions as:
. Z 5
Which is larger — or =?
ch is larg 3%

How can we find out?

Wi

1 1

6 3 6
Mod2ls similar to those above may be used and
comgarisons made. As understan:ling develo~s that
this is a process of renaming, children may be led to
cotnpare pairs of fractional numbers by renaming and
then verifying answers with models.

5

S

To compare fractions which require renamiig of
both fractional numbers, children may make models.

For example: Models of % and % may be compared
Ly changing each to twelfths as follows:

Draw a unit rectangle. Yoraw vertical segments to
show thirds. Color two sectio.s, (step 1),

B

Draw horizontal segments 1o show fou.ths Use a
contrasting color to shade three of these new sections.
(step 2).

Ainswer these questions:
How many sections are blue? 8

How many small scctions are 1ed? 9



How many small sections are there? 12

8 9 8 2 9 3

— are blue -~- . — = —and = = —

M e blue 7 are red 12 3 an 12 4
then 3 > Z
4 3

Transparencies of such models can be made by
children. The larger fraction may be readily deter-
mined by comparing the number of twelfths. Other
pairs of fracticnal numbers may thci be comnpared
without using models and th2 answers verified by draw-
ings if needed.

Density of fractional numbers: As the density of ra-
tional numbers is difficult for childres to understand,
it is taught much later than are other fractional num-
ber concepts. The number line may be used by asking
appropriate questions. Children may discover that a
fractional number can always be found betwsen two
. given fractional numbers. This may be deincnstrated
by associating fractions with points on the nuniber line.

For examp'e: between 12 and -21 is found §-, between

% and 82 is found 1—56' etc. When the physical model
gets in the way and it becomes difficult to determine
these points, the discussion raay be carried on by con-
tinuing to name fractions between points. If a ques-
tion like, “Do you thirk it is possible 10 name all the
fractional numbers between two given fractional num-
bers?” brings the answer “yes,” the child should try to
prove it with examples. Someonc who answers “no”
may attempt to justify his point of view. With experi-
ences such as thesc, children will be able to make the
generalization regarding the density of fractional num-
bers; i.e.. between any two fractional numbers there is
another fractional number.

2. OPERATIONS ON FRACTIONAL NUMBERS

Addition: Physicai models should be used by chil-
dren for concrete experience in adding fractioral num-
bers with like denominators. Sets of cubes, strips of
paper, or rectangular and circular regions to represent
fractional parts of a unit, may all be used to develop
understanding of additiun with like fractions.

__ BN
[

These experiences should be discussed as mathe-
matical sentenves for the addition of the fractional
numbers are written on chalktuard or overhead pro-
jector. When enough experiences of this type have been
used to develop understanding of the idea, sums may be
found for addition examples without using manipula-
tive materials. Generalization about the addition with
like fractions may then be expressed.

The number line may also be'used to find the sum
of fractional numbers named with like denominators.

For example:

»lne

b—i‘-—l
‘ ' L " 't 1
0

O
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Children who have had many experiences with
equivalent fractions should have little nexd for physical
models in adding fractions with unlike denominators.
They should be able to generalize that i is necessary to
rename these fractional nembers in order to find the
sum. If there is need for use of physical models, it is
clear that understanding of equivaleat fractions is not
adequate and this should be the point of emphasis
before practice of addition.

Subtraction: Physical models similar to those used in
addition of fractional numbers may be used to develop

understanding of subtraction with like fractions. As 31

is subtracted from % or % from -1—6Q, usine fractional

parts of unit models, children can be «d to express
the generalization. If understanding of equivalent frac-
tions and of the addition with uniike denominators is
complete, subtraction with unlike fractions by rewrit-
ing them with the least common denominators should
present few problems.

Children should have opportunity to solve number
sentences written in several forms:
2

2 7 2
- 4 = - 4+ = ==
3 O 3 = 5 3

They should have experience in writing number sen-
tences to solve number stories. For example: With %
vards of ribbon on a spool, does Mary have encugh to

make a bow if the pattern calls for % yards?

Will there be any ribbon Jeft over?
7_S_20_ 2

_ D B o )
) E—i—g""z—;—gd- Yrr There is 34 of a
yard left mver

Pupils may crcate number stories to fit mathematical
tences. F e &~y = 2
sentences. For example: — ~ [) = =
% " 16

Hew much ribbon was ueed if Jane ivad % of

a yard left from a roll which contained % of

a yard?
Bill lives ]—96- of a mile from school. Joc lives

i‘% of a mile from schcsl. How far apart are

their houses?

O

If children experience difficulty in doing this, it may
indicate that understanding of ideas involved in sub-
traction is nat adequate.

Multiplication: 1a order to capitalize on children’s
understending of “of* in such mathematical sentences

as —;— of 8 = 4, teachc.s may introduce multiplication

of fractional numbers by listing on the chalkboard
such mathematical sentcnces as the following, using
accompanying questions to draw attention 1o the pat-
tern as it develops:

%OHZ:lG 4% 8=32
%OHG:S 2% 8= 16
Lotg=4 1x8=8
2

P ota=2 Ixg=4
2 2
Tof2=1 Ly
2 y
L 1yg=
2 g

1 1.1

~of == 2

257 73

29373

What happens to the product as onc faclor is
halved?

Does this also heppen when 1 s the factor that
is halved?

Doces this happen when the factor halved is less
than 17

Is the same thing truc when the multiplication
sign is used instead of “of"?

Docs the samic pattern develes for other sets of
numbess?

The “oi ' relationship may also be used with physi-
cal models to develep (e multiplication algorithm.

To develop understanding of the mathematical sen-

tence —3" of % = [ a rectangular region similar to

following may bc drawn on the chalkboard and ques.

MC .93
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tions used to involve children in the process of finding

1 2 1
f = or -
© 3

3 s X -52— of the region:

J

Why is it necessary to sphit or separate the re-
gion into five equrl parts?

How many fifths should be colored?

Why is it also necessary to split the region into
three equal parts?

Hew many thirds should be colored?
Into how many parts is the region now separated?

How many of these fifteenths have been colored

twice?

What is ~;- of 2;? Complete th2 mathematical
1 2 1 2

senlence: — of = = i x £ =
3 5 3 5 =

Understanding of multiplication of tractional sium-
bers using a rectangular region may also be developed
through the use of transparencics with overlays, Physi-
cal models should be used until understanding is de-
veloped. Children may then make their own drawings
to illustrate other mathenmratical sentences,

The area of 4 rectangular region may also be used to
illustrate the 2.gorithm for the multiplication of frac-
tional numbers. A region whose side measures are
whole numbers should be reviewed through the use of
physical models,

Questions may help to recall the fact that the area
is found by mnltiplying the number of rows by the
number of square units in each row. Next a square

O
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region with area 1 and with side measures of 1 unit
may be displayed and discussed:

What are the dimensions of the region which is
shaded?

What is the are of the shaded region?

Is the sentence, 51- X1= —21-lrue? Why?

1 !
2

Using other models, repeat th~ above questions:

What are the di:iensions of the region which is
shaded?

What is the area of the shaded region?

Is the sentence 1 X —21- =

Is the sentence — X % =

Nl= o

1l
2 2

Shaded arca Shaed area

is -l— of unit. is 3 of unit,
4 R

After many experiences of this type children should
be able to generalize that to find the groduct of frac-
tional numbers, the numerators are multiplied, the de-
nominators are multiplied and the [reduct is written

. . 3
as a fraction. For example: = x

Division: Division of fractional numbers may be
approached in more than one way, three of which are
outlined below. Teachers should select one approach
at a time to develop, discussing procedures s'3p by
step. When ideas are understood to the poini where
the operation can be performed, another approach may
be demonstrated in the same way 10 reinforce under-



WY UIW T e

Sl

|
:
f
£
B

standing of the principle that divisicn by a fractional be urged to use the algorithm that they understand

number is the same as multiplication by its reciprocal. best. Before teaching division of ractional numbers
This is particularly important when either the complex by the complex fraction algorithm, cnildren must under-
fraction or inverse operation is the first approach used. stand the follnwing: (See Rational Numbers, pages

When the general principle is accepted children should 61-62.

Le+3=8 2+a=2 s+1=2 a+b=2
3 4 1 b
! s a
1 7 2 6 b
= 7+7=1, -=1, = =1 —=1; — =1
2. D7 7 i s 2
2 6 b
3. 16x1=16; Typ=t  axd=3 a2
3 3 3 3 b b
8 8 _ R -
L —1- =8, 8+1=28; a+1=a
Sg.x}_:h lx§.=1, 5)(1:]
3y 2 5 i 5
6 -§- X —5' = .5__x_§. = 2_5_' .E X g = é_)is
6 1 6x%x7 42 b d bxd
n a
3 1 2] b b ¢
7 d
It must be understood that the number one bas many 2 1 _ 1 _
. . . . = == Let==xand - =y
forms which are useful in working with complex frac- 3 8 8
tions. The numerator and denominator of a con plex 2
fraction can be multiplied by one in any of its forms 1 X 2 1 _ 13
without changing its value in the same way that any then — ~ 3o TYEY and 2+ g =T
fracticnal number may be multiplied by one. For y -
example: 8
5 5 5 3 15 5 The following questions may be used to check for
o1 7 7%3 21 7 these understandings:
2 . - 2 ' 2———5 = T = _2— ; In how many ways can the vperation of dividing
3 <1 3 3 x 3 9 3 four by three be shown?
] . I
= 423 = =
5.3 18 5 2.y 2 oY iy =0
1 3= 2 1 H b =0 What does the bar between the two whole numbers
2.1 14 2 S vy < in a fraction mean?
3 7 21 ) d d

What do the following expressions mean:

If children have diffic ‘ty undesstanding thet & frac-
tion is one number, not tw2, cr thatdivision of fractional 2
numbers involves fwo numbers, not four, the folloving 4
idea may be helpful:

N1
alw_lw!—
nlw\;l"_‘

o 89
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By what number 1nay any number be muliiplied

: . g 3 _6
without changing its value? Give examples to - X = )
prove it. Eing P _ 4 1 5 Why? (5) reciprocat
By what number must a number be multiplied
to produce a product of 1? Give examples to 3 6 N
prove it. T4 X '5" Why? (2) N 1
In now many different ways may the following y
complex fraction be expressed: =18 Why? (6) 2 &= 20C
20 b d b d
7
—3—- ? = 1% Why? (3), (2) factored
4
3 3 V/hen the process is understood, pupils should be
7.3 [1% 2 = I S x)= 7 able to generalize that division by a fractional number
4 8 4 8 is the same as multiplication by its reciprocal.

1 23- One algorithm for the division of fractional numbers

Does = + _ = =7 may be developed through children’s familiarity with
8 ! common denominators as used in addition and sub-

8 traction. This approach can provide a logical intro-

2 duction to division of fractional numbers.
2 I _2+1 _ 1,
Does 378 3:8 3° Mathematical sentences similar to the following may
5 be written on the chalkboard, and procedures discussed
2 ) as each step of the solution is performed:
3 1 ] 1
Does 3 = L2 5 F==
r73 27
8 8
-;— X % =2 l.e.m. of 2 and 4 is 4.
In how many ways may 1 be expressed? 4
5 2_._._1_-—____2;1__2-_1“—2-22
1406 203 3 oA dme
"1 416" 203" 2
8 6 8 6 4 24 8 3 24
lem. of 6 and 8 i .
If it is clear that children understand basic ideas ex- cm. of & and 8 is 24
pressed above, the complex fraction method may be 20 .21 _20+21 _20+21 _ 20
introduced, c'eveloped step by step und discussed as 24 24 2424 1 21
follows:
3 If children experience difficulty in using this ap-
3 s = proach, it will indicate that they do not understand
i _;}_ Is this true? Why? one or more of the following:
6 How t tind the common dencminator
3x8 That a number divided by itself has 1 as the
= g : Why may this operation be performed? quotient
5 X 0 How to express the aumerator of the fraction
oy - 20 + 21 .
B)Nx>x1=N ———"— as a quolient.
(5) reciprocal 1
Q) N | Attention should be given tn the area of difficuly
N before practice on the algorithm.
o 90

ERIC 196
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Famliarity with division of whole numbers as the
inverse of multiplication may lead some chitdren to
ask if this relationship holds true for fractional num-
bers. As the procedure is developed and the relation-
ship understood, further evidence can be seen that
division by a fractional number is the same as multipli-
cation by its reciprocal.

Before developing the algorithm, children must have
clear understanding of statements given under the com-
plex fraction approach, page 63, especially statements
5 and 8. They must recognize division as the invetse
of multipiication—they must understand that if
3 x4=12 then 12 + 3 =4 and 12 + 4 = 3; that

= L means that _l
7 7
=a,

2
XD-‘:;;!hataXb:cmeans

c‘[n Wi

(c =a)andthat-§—=b.(c—:-a=b).

Questions similar to those used to determine readi-
ness for the complex fraction approach, page 89
should be used to review understanding of these basic
ideas.

A problem may then be developed through steps as
outltined on page 63. The process must be discussed
step by step with children supplying reasons for each
operation. Questions should aid in making the process
clear.

For example:

5
6

Is this true? Why?

——--f_’] and[]xé=§
8 6

Multiplication is the inverse of division

O must bc(i X A)

(3r2)3

5 . .
= X (A X —): 3 Is this also true? Why?
6 8 6

Why" Substiiution

Associative properly
5

) = 6
3?7 (1) Why? N

s
If = X
2 (

what raust be in ( } =N

Then A X ; =1 True? Why?
- 8 Ceinroc
Then A = 5 Vhy?  Rcciprocal

ERIC
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=5 8,58
== X -—or> X = Why?
B 6 3 6 3 -0 d
3 x §)>< 323 True? Why?  Substitution
6 3 8 6
5,325 By
6 8 6 3

The idea that division by a fractional number is the
same as multiplication by its reciprocal should again
be evident. Most children will accept this as a principle
to be trusted and be ready to use it as the reason for
a simple, direct approach to division of f{ractional
numbers.

Estiniation shouid be used to determine reasonable-
ness of answers. This must be done through conver-
sation; it should not be done through seat work. Dis-
cussion of such Questions as the following may be
helpful:

Which quotient is greater, 12 =+ 2 or 12 + -;—?

Why? 18- ;;— or 18 + —;—? Why? Can physical

models be used to prove the above?

Are the following true or false?

.1 (T)
4 2

1
-~ (F
5 )

Before practice for mastery there should be oppor-
tunity to discuss and so've such sentences as the fol-
lowing:

© |w

s

] -

Opportunity should be provided for pupils to write,
discuss and solve practical problems involving division
of fractional numbers.

PROPERTIES OF ADDITION AND SUBTRACTION OF FRAC-
TIOMAL NUMBERS

What children know about the properties of whele
numbers may be used {o determine whether these prop-
erties also hold for fractional numbers. Such activities
as the following may be used:

1. Finding the sum of fractional numbers and dis-
cussing the set of numbers to which the sum
belongs to enable children to see that "he set of
rational numbers is closed for addition.

97
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2. Finding the difference of several pairs of frac-
tional numbers to discover that, using numbers
which are familiar at this point, it is not always
possible to subtract. It becomes apparent that
subtraction is not closed for the set of frac-
tional numbers.

3. Using the number line to see that addition is
commutative and associative:

_3+i:1 .4.+_.3.:1
4 4 4 4 4 4
2+(l+i)=(3+l)+é
7 7 7 7 7 7

4. Subtracting pairs of fractional rumbers, then
reversing the order cf the pairs to see that
subtraction is not comimutative. For example:

1

1_3, 2

8 8 8

S. Subtracting using three fractional numbers, 2
numbers at a time; then changing the order of
subtraction to see that subtraction is not asso-
ciative. Fcr example:

8 _ 5
9 9 9 9 9

6. Using such examples as the following to dis-
cover the identity eiement of addition and sub-
traction of fractional numbers. For example:

3+0:0+2:2
3 3 3
4 4 4 4
_—0=_| t0— = s
5 e R el

PROPERTIFS OF MULTIPLICATION AND DIVISION OF
FRACTIONAL NUMSERS

Knowledge of propertics of whole numbers may be
used to determine whether these a'so hold true for
multiplication and division of fractional numbers.

The Integers
1. NATURE OF INTEGERS

Situations involving gain and loss, rise and fall, de-
posit and withdrawal are familiar to most children.
There should be rruch discussion to associate this
practical experience with extension of the number

Aruitoxt provided by Eic:
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system to include negative numbers. Activities like the
following can be used to develop understanding of
integers:

a. Weather reported as 10° below zero, may be
written as —10° after a thermometer has been
examined.

b. Time before rocket blast off may be counted
down, the significance of zero discussed and the
time written as —4, =3, =2, —1, 0.

le]

. An event occurring in 55 BC may be discussed,
“zero” identified and the time written as —55.

T

. Ocean depth recorded as 2000 feet below sea
level may be discussed, comparison made with
a mountain peak cof 3000 feet elevation, the
“zero” identified and a diagram drawn. Dis-
tances may be written as —2000 and +3000.

e. The number line may be used to illustrate the
route of a Scout troop that hikes 5 miles east,
then 1 mile west, ‘‘zero” established as the start-
ing point, and the distance recorded as *5 and
—1.

After discussion of many activities of this type, pupils
should be able to generalize that positive integers may
be used to denote change to the right or upward, and
that n:gative integers may be used to denote change
to the I~ft or downward. Care must be taken to insurc
that children understand that the symbols + and -
are part of the numerals for integers and not opera-
tional symbols for addition and subtraction. If symbols
for integers are written in the raised position and read
as “positive” and “negative,” much confusion can be
avoided.

2. ORDER OF INTEGERS

As ncgative numbers are discussad, pupils may begin
to use the number line exteiided to the left of zero. A
thermorneter represents the most familiar mode! and
can provide a starting point for discussion. Children
usually understand that O is colder or less warm than
a reading of 10° above zero, that 3' below zero ot
—3" is colder or lc,s warm than 2° above zero. From
this beginning. the number tine, both horizontal and
vertical, can be used to answer such questions as the
following:

Which are true? Which are false?

Is+6 > +5? (1) Is=7<+32 (1)
Is45 < 49?2 (T1) Is 0<--37 (1)
Is 3 <22 Is 4 =442 ()
Is-4 <=7 (F) Is 0< 1?2 (1)

98
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As relative values of positive and negative numbers
are understood, the idea of opposites may be introduced
through discussion of such oroblems as the following:

a. Starting from the same street corner, John walks
3 blocks east and Charles walks 3 blocks west.
Does the nuinber line below represent the situa-
tion?

l Charles John ‘
\v 1 S i L E

-3 =2 - S +3
s 2

Can —3 and +3 be thought of as cpposites?
Why?

b. Mary earns 25¢ and loses it on the playground.
How much money does she then have? A gain
of 25 and a loss of 25 is equal (o zero, *+25
and —25 = 0. May +25 and —25 be thougi t
of as oppos‘tes?

—— Using

When the relationship of opposites is understood,
the generalization can be stated and the term additive
inverse applied.

Use shou!d be made of the number line ir de-
veloping understanding of all op:rations on integers.
If an integer is understood to be less than any integer
to the right or above it, and grea“cr than any to its left
or below it, movement of concrete objects along the
line should enable children to understand and express
basic principles undezlying algorithms in the four
operationhs.

the number line, opportunity should be pro-
vided to show many such operations as the following:
Balance of 0. Deposit of $10. Withdrawal of $7.
Balance of $5. Deposit of $3. Withdrawal of $8.
Balance of $15. Dcposit of $1. Withdrawal of $18.
Debt of $10. Deposit of $25. Wew . nce of §15.

3. OPERATIONS ON INTEGERS

Addition: By demonstrating on the number line,
children may complete such senterices as the following:

a *6++3=[] ¢ 3+-5=0) e tS+-3:=[) g "8++3=0]

b.+2+48=00 4 -8+-5=0] f *3+-8=[1 h “2++6=[)
J

s S"S""ﬁ""‘"ﬂ'ﬂ!".

) G W G G PR S O

B iy 9-? e I 4~3¢2—|'_6'31_¥H'*
+

Does the commutative property hold for addition of
integers?

Sums of integers whers one is positive and one nega-
tive may also be introduced by leading children to
discover a pattern which will enable them to fill in
blanks remaining in each column below:

4+ 1=5 34 1=4 24 1=3

4+ 0=__. 3+ 0=_ 24 0=_
44+4-1=_ 3+-1=_ 2+-1=_
44-2:=_. 3+-2=_ 24-2=__
44+-3=__ 3+-3=__ 2+4-3=_
4+4=__ 3J+-4=__ 24-4=_
44-5=__ 3+4+-5=_ 2+-5=__
Q

Sums of integers where both are negative may be
introduced throagh discovery of a pattern which will
enable them to fill in blanks rcmaining in each column
below:

S+ 3=2 34-4:-1 34 §5=2
44-3=1 24 422 247503,
34-3=0 1443 Q45 -
24 3= O+ 4= __ O+-5=_.
T4+-3=__ ~t4-4:=_ ~“1+-5=__
0+ =3=_. 2+ 4= -2+-5=._
Sl4=3=0 34 4l 34 o5=
24 3= c44dsll A oS=
“3+-3=_. 544z S4-5=_

99
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After discussion of results obtained by use of num-
ber line and through observation of developing patterns,
children should be able to state and use basic principles
that apply to addition of positive and negative integers.

Subtraction: Before attempting subtraction involving
negative numbers it is important that subtraction has
been recognized as the inverse of addition, ihe process

of finding a missing addend when the sum and one ad-
dend are known.

With the number sentence =2 — —5 = [7] rewritten
as =5 + [] = —2 the number line may be used to find
the missing addend. Starting at the point on the line
named by the known adderd, —5, and moving to the
point named by the suin, 2, three units on the line
are passed. The direction is to the right or positive so
the missing addend is +3.

2 -1 0 41 42 43

Aonsunb wobe—b—
| +3

Other number sentences similar to the following
may be solved in a like manner:
—4—+2=(] becomes t2-+[]=—4
+7——4=(] becomes —4+(]J=+7
+3—-+5=[  becomes +5+[]=+3
Number sentences involving negative numbers may

be solved in this way until <hildren can reach generali-
zations stated on pages 69-70 of Reutional Numbers.

Patterns may also be used to develop this under-
standing as children find numbers that will enable
thex to fill blanks in sequences like those below:

T —4+4= 43 T —t4=-11
+6 — +4 = +2 =7 —13=-10
5 - +4=+) =7 - +2=-9
4 — +4 = __ -7 —+1=-8
+3—+4 = __ “T- 0=-7
2 - +4=__ ~T—-1=-6
- 44=__ “T1--2=__
0—+4=__ —1--3=_
=l - +t4 = It SN
2 - 4= T = 5= _.

-7 —--6=__

7 —--T7=__

=7 —--8=__

T -9 =L

tion of integers. Examples like the following may be
used:

IXd=4+4+4=12

IX(CAD =D+ (4)+(—4)=-12

(73) x4=4%(3) Commutative property.
=CHN+HENHEN+H () =12

There should be much discussion and many examples
like the one above before children are asked to state
the generalization of the way a positive integer and a
negative integer are multiplied.

The decreasing factor approach may provide the
best introduction to the multiplication of two negative
numbers. After using this approach and developine
several patterns, children should be able to generalize
that the product of two negative integers is a positive
nuraber.

Division: The idea that division is the invers: ¢ multi-
plication may be used to introduce division of integers.
Examples like the following may be used:

12 _

12 = 3=;—3— 4 because 3 X 4 =12
Inverse opcration
12+ 4=3; 12 o3
-4
because 3 X (-4) =--12
12+ -3 12 oy
because  (3) X 4 =12

i

Muliplication: Urderstanding; of multiplication as re-
peated addition may be used to introduce multiptica-

ERIC
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When there has been careful discussion and practice
with exaniples like the above, children should be able
to formulate generalizations for division based on the
generalizations for multiplication,

Negatives of Fractional Numbers
1. THE NATURE OF NEGATIVE FRACTIONAL NUMBERS

Ideas related to the nature of fractional numbers and
integers also apply to negative fractional numbers.
Each fractional number has an opposiie, a negative
fractional r.mber, an equal distance to the left of zero
along the number line. The sum of pairs of opposite
fractional numbers is always zero.

The fact that tenths can be written using decimal
notation may be introduced, the questions above used
and answers written using decirmrals.

A model of the same size may be further sub-
¢ivided to show ten rows of ten spaces each, similar
questions asked and decinal notation for hundredths
introduced. Transparencies with overlays to show

2. OPERATIONS ON POSITIVE AND NEGATIVE FRrac-

TIONAL NUMBERS

Since operations on positive and negative fracironal
numbers are performed in the same way as operations
using integers, there should be little difficulty in de-
veloping algorithms.

Decimals
1. TRE NATURE OF DECIMALS

Decimals may be introduced through use of models
of regions separated into tenths. As parts of the region
are colored, children may name the fractional number
identified with the shaded part.

The big region is one unit. (1.0)
How many spaces are in the region? (10)
What is another way to name the 1C (1.0}
unit? 10 '
V/hat part of the region is gray? 1‘-0 1N
What part of the region is lavender? 5 (.5)
10
What part of the region is lavender 7 7
and white? 10 1)
What part of the region js lavender, 10 0)
white, blue, and gray? 10 (.

tenths, hundredths, ard thousandths may also be used
to show relationships. Graph paper squared in tenths
may be used by children to construct individual models.

If responses to such questions as the above are re-
corded on a chart, relationships may be observed and
understanding of a decimal as a fractional number with
some power of ten as a denominator may be further
developed.

Trnths Hundredths Thousandths

Fractions Decimals Fractions Decimals Fractions Decimals
L 1 10 10 100 100
10 100 1000
2 3 19 70 J00 700
10 100 1000
5 50 500

1 1.5 2 1.50 1 22 1.500
0o 1700 Of 1000 '
13 150 1500
10 100 1000

)
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Decimals may also be linked to children’s know!-
edge of values of dollars, dimes, and pennies. An array
of pennies, ten rows of ten each, or a chait showing
this type of array, may be used to develop understand-
ing of hundredths. Notation can be associated with
what is already known abtout use of the decimal point
in writing money: 16 pernies = $.16; 8 pennies = $.08.

Such activities as the following may provide addi-
tional help in understanding the nature of decimals and
their relation to fractional numbers:

Construct place value charts to use in reading and
writing decimals.

Arrange the following decimals in order, beginning
with the least—.36, .3, .03, 9.5, 4.16, .00f,...

Use ruler, meter stick, or steel tape marked in
tenths to measure heighths of children.

Use an odometer. “handy” grocery counter, ped-
ometer or other devices for measuring which regis-
ter in tenths of uaits.

Terminating Decimals: As understanding of the nature
of decimals develops, it should be evident that it js

simple to express»]za or I%% as decimals. Such ques-

tions as the follcwing may tead children to name frac-
tional numbers as equivalent fractions having powers
of ten as denominators and to express the resulting
fractions as decimals:

L 2_ o, =
@ =15 ®§5=15 ©

|-

7 7
d) — =—; —_=
()25 {¢) 8

What is the value of n in examples (a) and (b)
wbove?

Write the decimal equivalent of (a) and (b)
above.

In (¢), (d), and (c) above, what powers of ten
can be used as denominators 10 make equivalent
fractions?

Write the dec imal notations for (c), (d), and (e)
above. (.25, .28, 875)

When the decimal equivalent is not readily scen, it
may be nccessary to perform the indicated division:

O

RIC
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; 875
P means 7 = 8 or 8)7.000

If in performing the division a remainder of zero is
obtained, the decimal is said to terminate.

Repeating Decimals: Aifter division of decimals is
familiar to children, it can be shown by division ihat
some fractional numbers can be expressed as decimals
which do not terminate and the digits of quotients re-
peat, such as in the following examples:

3)1.000=0.333...

i

= 7)1.000000 = .142857142857 . . .

N W=

Such quotients are known as repeating decimals,

From the above it should be evident that all frac-
tional numbers may be expressed in decimal notation.

Charts such as the following may help to bring out
the patterns:

Repeating (R)  Prime
Dzcimal Termi- Factors of
Fraction Equivalent  nating (T) Denominators

z 5 T 2

2

1 33 R 3

3

1 25 T 2

4

1 2 T s

5

1 1666 R 2,3

6

L] L] [ ] L]

® ® [ ] ®

® [ ] [} L]
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2. OPERATIONS ON DECIMALS

Addition: Additian of decimals may be introduced
by using what children know abou! addition of frac-
tional numbers. Decimals may be written as fracticns
and added.

1" 10 10
754 .21= 15, 21 . 96
100 100 100
16+.2=10 2. 16 20
100 10 100 100
= ..3_2 = 30
100
S+.36+.009= > 4 6 4 9
10 100 1000
=200, 0 9
1000 1000 1000
s ﬂQ I 869
1000

Addition of decimals may aiso be introduced by
using knowledge of place value notation developed
throush use of place value charts.

7 75 16 5
+2 + .21 +2 36
9 T 36 +.009
869

Through practice in writing decimals for addition and
subtraction using a pluze value chart. children should
be aware of the significance of the decimal point in
writing numerals for decimals,

Subtraction: Understanding of addition of dacimals can
be applied to subtraction, cither by expressing the deci-
mal as a fraction or by using knowledge of place value
notation. Since decimals are base ten numerals and
use¢ the same place value pattern as whole numbers,
children should expect the decimals to behave in ihe
operations of addition and subtraction in a way similar
to whole numbers.

ERIC

Mudtiplication: Multiplication of decimals ruay be re-
lated to what children know about multiplication of
fractional numbers.

,3X_2:-3— X —2— oz ii_z_. = 6_.::.06
10 10 x10 100
5><,7:§>< —l_:_?’.é = 34_5~ - 3.5
1 1 1 10
Tx 21 Loy AL 1X2
100 10 X 100
187 _ 14y
1000
8)(2'4:.8,)( 25.:8_)(25:_[_92_
] 10 i 10 10
= 192 =192
10

As many opetations of this type are performed, chit-
dren should be able to ge.acralize that ones multiplied
by tenths gives tenths, tenths multiplied by tenths gives
hundredths, and tcnths multiplied by hundredths gives
thousandths.

The operation can then be performed using decimal
notation, products can be compared and generaliza-
tion applicd. As operations with decimals involving
ten thousandths and hundred thousandths are per-
formed, generalizatio.is raay be extended to include the
idea that hundrediths multiplied by hundredths gives
ten thousandths.

After solving many problems like the followirg using
fractions and changing products to decimals, a pattern
should emerge. Children should be able tu see that i¢
place the decimal poim coreectly in the product, the
total number of digits to the right of the decimal in
numerals of faclors may be counted

Examples
3-2=3 w228 .4
0 10
v 3 9 3 = 27_. = 2
10 10 100
4% . 16=4x l{’ - _(’i. = .64
00 104)
235 29 S s 145

97 .
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.396X4=]—3;%X4=%-=1.584
15%.09 = 1_1055 x 726 = '1'01,%{5)6 =.0135
Patiern
1x1=1 Ix1=3
[X.0=. Ix.1=03
i X 01 =.01 3% .01 = 0.03
1 %.001 = 001 3 X .001 = 0.003
end and
Ax1=.1 4X1=4
1x.1=.01 A% 1= .04
i X 01 =.001 4% .01 = .004

Multiplication of decimals may also be approacted
through use of renaming, commutative and associative
properties as illustrated below:

6 %X .21
= (6 x.1) x (21 % .01)

{6 X 21) X (.1 % 01) commutative and
associative
properties

renaming

I

126 x .001 = .126

When the principle is understood and accepted,
many activities like the following may be introduced:

Solve the following by using fractional nctation
and changing answer to a decimal:

I X .8= S X86=
425 X 1.2 = 302 x58=

.Placc the decimal point in products of the follow-
ing:

9x32=288

A% .36=144

Sx1.82=910

05 x1.82::00910

Division: The division of decimals may be introduced
by recalling what children know about the division of
fractional numbers. by using under<tanding of division
as the inverse of muliplication. and by employing
knowledge of place value notation.

Fractional number approach:

3-_ _—_3_:__9,21)(_19:19:3;—_1
10 10 10 9 0 ¢ 3
Inverse of multipli:ation approach:
21+ .7=n nXx.7=.21 3 X .7=21
n=.3

Place value approach:

Through multiplying by one the divisor is changed
to a whole number and the algorithm is performed
using the place value notation.

= 765 _ 1G _ 765 9
8.5)765 =2 x =122 2
) 8.5 10 85 85)765
ez 765 100 _ 76.5 9
85).765 LD oy S = L2 A
) .85 100 85 85)76.5
—=—c 7.65 _ 1000 _ 7650 90
085)7.65 -2 x -0 =20 2
) .085 1000 8s 85)7620

Patterns which can be seen by using t* ° '
ferms of division may be helpful:

39 + 1 =139, 3—19- =30,

9+ .10= 3.9 3= a0
10

39+ 100= 039 22 = 0.3
100

39+ 1000= 0.039

48 +3=16
48 +3= 16
48 +3= 0.16

048 + 3= 0.016

After much practice children should be &' o «
the generalization that:

When the diviser is a whole rumber. (
point will have the same position in th
as it has in the dividend.

As a check, the quotient should be multj)
divicor 1o determine if the product equais !

The habit of estimating answers before .0
lems is particalarly iriportant in checkiviy
using decimals.  Estimating quotients bo! -

Q 98
ERIC -
104



o e AV

e o e e

division examples makes the above generalization more
meaningful. Estimations should be recorded for every
example.

Ratio and Froportion
1. THE NATURE OF RATIO AND PROPORTION

The idea that a ratio is a comparison of two num-
bers by division may be developed through use of
concrete objects which can be compared. For example:
red blocks and blue blocks, balls and bats, chairs and
tables, books and children. Illustrations such as the
following may be used and the answers expressed first
as ordered pairs, then as fractional numbers, indicatcd
division and ratios:

a. What is the ratio of red blocks to blue blocks?
Kl

(4,3) = 4+3 42
3

b. What is the ratio of blue blocks to red blocks?

(3.4) 2 33 34
4

S
SR

A % o 1

¢. What is the ratio of balls to bats?

(5.2) : S22 52

d. What is the ratio of table to chairs?
1

L4) = 1=4 1
(.4 -

Story problems such as the following may be used in
developing understanding of ratio:

a. There are 30 cookics for ten children. What is
the ratio of coukics to children?

gty e 3
1(

<. If two candy bars cost 12 cents, what is the
ratio of cost to candy bars?

(12,2) = 12:2 6:1
)

L

Proportion: Understanding of a porportion as a state-
ment that two or more ratios are equal may be related
to knowledge of equivalent fractions:

! 4

> R

:2__—
4

Such questions as the following may be used:

Is the ratio of 2 candy bars for [2¢ the samc as
S bars for 30¢?

Is the ratio of 3 adults to 20 scouts the same as
9 adults to 60 scouts?

Is the ratio of 30 cookics to 10 childrzn the same
as 60 cookies for 15 children?

2. PROPERTIES AND OPERATION®

Since a ratio is a rational number, operations and
properties for rational numbers apply to proportions.

Per Cent
1. NATURE of PER CENT

The fuct that a per cent is a special kind of ratio and
that the ferm pe: cent nicans Per centum ©Of per onc
hundred should be discussed. If children are familiar
with ratios written in the form 3:5 and read as 3 to 5
or 3 per 5. then 7% can be read as 7 per 100 and
writlen in the following forms:

7% ; 7:100; —1—; 07; 7per 100
100
(Using the idea of sels 756 means that for every 7 in
one set there are 100 in the sccond set.)

Problems involving per cent may be solved through
the use of roportions.

Ratios arc usually cxpressed in lowest terms. d..on
S 100
b.Three adults went on a camping lrip with n 60
twenty scouts. What was the ratio of scouts to <~ o0

adults?

N 3
oy 0w 20 b 60
) R n 100
LS
ERIC 0



Properties for Four Arithmetic Operations for Rational Numbers

Children may fest the properties—closure, commuta- (under two operations)—to see if they hold true for
tivity, associativity, identity, inverse, and distributivity operaiions on numbers from various sets. For exainple:

PUNNSNEEIDIN V)
[ —

Addition—Using the set of even numbers:

o e

1. 2+ 6 = 8, an even number Closure holds
at+b=c¢

22.2+44=4+2,6=6 Commutativity holds
atb=UL+a

3.4+ (8+6)=(4+8)+6; 4+ 14=12+ 6, 18 = 18 Associativity holds
a+(b+c)=(a+b)+¢

Identity element (0)
a+0=0+a=a

4. 6+0=0+6=6

5. No inverse element Additive inverse

a+ —a=0@

Subtraction—Using the set of fractional numbers:

; 1. % - —é— = %, a fractional number
Closure does not hold
1 5. .
— — — Is not a fractional number
6 6
2.3 1.1 _ i Commutativity does not held
6 6 6 6
3. (i - —l) -2 # 3 _ (—1 - 3) Associativity does not hold
7 7 7 7 7 7
4 5 —0= 5 0- 5 - 3 Identity element (0) dces not hold on
) 9 9 9 the left but does on the right

Muliiplication—Using the set of decimals:

1. .3 X.5 =15, a decimal
2. 05X.6=.6X.05 .030=.030

3.(.3x.2)><.7=.3x(.2><.7)
05X .7=3x.14 .042= 042 Associativity holds

'i 4. 16X 1=1x.16=.16
5..16X0=0 0x.16=0

Closure holgs

Commutativity holds

Identity element (1) holds

Multiplication property of 0 holds
6. 7% _;_ = ;; = Multiplicative inverse holds
Muttiplication and addition

X (3+02)=(6x.3)+ (.6 x .02)

~

Distribulivity of multiplication over addi-
tion holds
)
E l{l‘fc 100
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Division---Using the set of jractional numbers:

1__56_+T"_2.=%x152:§%:-?- Closure holds
2 3oLl 1.3
8 9 9 8
1
% PN -3— 7= 3 X §5- Commutativity does not kold
s .8
8 45
3 4 A d
ssociativity does not hold
3 4 3 2
4. 3 +1=3
5 S
3 . Identity on right only
1+ -5" = 5

Q
ERIC 101
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GEOMETRY

Geometry is the study of ideas of poiats, lines, curves, planes, and space. In the clementary school the ap-
proach is informal and intuitive. Relationships and properties are discovered and discussed before formal vo-
cabulary is intreduced. The language of geometry is the langituge of sets; that is, scts of points.

In the natural world geomctric forms are everywhere obscrvable. Man cmploys geomietric shapes in the
buildings which he designs, the utensils and instruments which he uses, the art with which he decorates his home.
his clothes and his surroundings. It is desirable that children learn to see and identify some of these geometric de-
signs, especially those that give a feeling for beauty and symmetry.

The early study of geometry must not be entirely incidental. Though it is hoped that teachers will capitalize
upon opportunities to emphasize geonietric ideas, there must be sequential development to reinforce concepts al-
ready discovered and to introduce new ones which follow logically. Thus, children will procced at varying rates
depending upon previous experience and level of maturity. Teachers should use many activities with concrete
models which Jead to better understanding of space figures and their relationships. Pupils who have had experi-
ences manipulating models of closed surfaces such as balls and blocks will have greater readiness for under-
standing the connection between concrete objects and geometric ideus.

While geometry and mcasurement are treated as separate ideas in this guide, they are interrelated in class-
room teaching. A study of line segments provides the necessary geometric background for studying lincar measurcs.
Planc regions tre studied and then area of plane regions. Space regions are studied then volume or capacity of
space regions. Thus size. the attachnient of numbers to geometric objects, is interrelated with shape and space.

Mathemadical Meas

Iustrations und Explanations

Basic Ideas of Geometry

The basic ideas of geometry ure con-
cepts of point, line, plane, curve, and
simple closed curve. Physical 1nodels
from the world are used 10 develop
ideas.

Point: A point can be thought of as
an cxact location in space which has
no size or shape. Usually, a point js
represented by a dot which in iteelf
covers an infinite number of points.

Line: A line razy be thought of as a
sct of points which extends endisely
in opposite directions. Unless other-
wisc stated, a line is thought to be
straight but is not thought to have
cither breadth or thickness,

Line scement: A linc segment s a
pottion of a line which condists of two
endpoints and all the points between
them.

ERIC

Full Tt Provided by ERIC.

Representation of a point

A (
B Capital letters are used for labeling points.
Representation of a line  4— —»

Lincs are named using two points of the line and the symbol ¢— over
the names of the points or by using a iower case Ietter.

—
¢ ’ AB
A B
<+ m » line m

Phe endpoints_are nimed by capital Tetters and the line segiment s
designated by AB and read “line sepment AR

2 d

5 AB

-1
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Mathematical Ideas

Mustrations and Explanations

Ray: A ray consists of one endpoint
and all of the points of a Jine on one
side of the endpoint.

Plane: A plane may be thought of as
a set of points forming a flat surface
which extends in all directions with-
out end.

Angle: An angle is a geometric figure
consisting of two rays having the same
endpoint.

Right angle: A right angle is the angle
formed by two rays which form a
square corner.

ERIC

Aruitoxt provided by Eic:

——
Ray is written AB and read “ray AB.” The letter naming the endpoint
of the ray is always written first and the arrow indicating endless ex-
tension is placed over the letter naming the second point.

—
-— e b
A B AB
‘\““‘\;\_ —
D T Cbh

b
<

‘vhe symbol (£) represents ar: angle.
B Point A is the common ¢ndpoint
\/ of the two rays and is culled the
! £ vertex of the angle.
—»

i D
AB U AC forms £¢BAC. (£CAR) An a~tle can be named with the
three letters BAC but the vertex letter must be in the conter. The angle
can be named by the single capital letter that names the vertex ~A. The

angle refers only to the set of points comprising the two rays ard docs
not refer ta any points off the rays.

/
"G
|
K\
Z —p

¢Z is a right angle

P Lines HG and B form four righi
angles at X: £JKG. ZJKH,
¢GKI, any /1IKI.

N
M

—P ~—p
MP U MN forms right ang:-
PMN.

103
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Mathematical Ideas

IMustrations and Explanations

Path or curve: A path or curve is the
set of all points passed through in
meving froin one point to another
point in a plane.

Closed path or closed curve: A closed
path or closed curve is a path which

begins at one point and ends at the
same point.

Simple closed curve: A simple closed
curve is a closed curve that does not
cross itself.

Reclationships
1. INTERSECTION

The intersection of two scts of puints

is the set of points common to the two
sets.

Intcreecting iines: When the sets of
points which form two lines have only
one point in common, the lincs are said
to intersect in this common point—the
point of intersection. The lines are
called intersecting lines,

O

RIC

Aruitoxt provided by Eic:

 — _/_C D§ %F
GMJ’

Ty ooy

Line a1 and line m are intersecting lines.
Poinl P is the point of intersection,

nNm=P

104
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Mathematical Ideas

Iustrations and Explanations

Intersecting planes: When the sets of
points which form two pi.aes have a
set of poin's in common, the planes
are said to intersect in this set of
points. The set of points is a line. It
is called the line of intersection. The
planes are called infersecting planes.

<y

O

RIC

Aruitoxt provided by Eic:

Throv *h any point, A, an infinite num-
ber of lines may be drawn.

If 2 points of line n are also members
of line m, then line m and line n are
the same line. Any two points may be
contained in one 2nd only one line.

Plane m and plare n are intersecling
planes. Linc AB is the Jine of inte:-
section.

«—>
m N n=AB

An infinite number of planes can inter-
sect in the line XY.

1f three points not in the same line are
in plane n and also in plane m, planc
n and plane m are the same.

Any three points not in the same line
determine one and only one plane.



Mathematical Ideas

Hlustrations and Kxplanations

Line intersecting a plane: "¥hen the set
of points which forms a line has only
one point in common with the set of
points which forms a planc, the line is
said to intersect the plane in this point
—the point of intersection.

If two points of line { are in plene m,
then line ! lies in plane m.

2. PERPENDICULARITY

Perpendicular lines: 1f two lines inter-
sect to form square corners or right
angles they arc called perpendicular
lines. The symbol for "“is perpendicular

tO" is “« _L H.

ERIC

Aruitoxt provided by Eic:

~

Line { intersects plane m in the point
P.

» INm=P

13 —>

S N —
PA | BC

106
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7 If a line joins two poinfs in a plane,

the line lies wholly in the plane. The
intersection of the plane and the line
is the line.

If a linc and a plane have no point in
common, the intersection of the two
sets of points is the empty set. The line
is paralle] to the plane.

¢ AB | CD
<+ > ot
A B
> <«
CD | AB
D
v A
C
\\B
A
9]
Ch_| AB
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Mathematical Ideas Hllustrations and Fxplanations

Line perpendicular to a plané: A line

i; perpendicular to a plane if it is pet- A
pendicular to every line in the plane m

passing through its point of intersec- c P D
tion with the plane. <

B 5B |5,
>

AB | ¢ aB_| 5%

fA—é’_]__ planem

Perpendicular planes: Two planes are
perpendicular if a line in one plane is

perpendicutar to the second plane. Planen | planem

3. PARALLELISM n
4t+— —»
Parallel lines: Lines which lie in the m
same plane but have no points in 4— »>
common, do not intersect, are called
parallel lines, n||m line n is paralle} to line m
Rays and line segments are parallel Two lines in the same plane either inteisect in one point or they are
if they are subsets of parallel lincs. parallel.

Two lines not in the same plane are called skew lines.

m
Parallel planes: Two planes which /

never intersect are called parallel /
planes.

n
Plane m || plane n

Q 107
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Mathematicat Ideas Illustrations and Explanations

4. CONGRUENCY

Congruency is the relationship of two
geometric figures which have the same
size and shape. The symbol for “is
congruent to” is “==".

Line segments: When two line seg-
ments have the same measure they AB = CD
are congruent. C D

Angles: 1f all the points of one angle

fit exactly over all the points of another B D
angle, the angles are congruent.
C N\ E F
< . » (BAC == /DEF

Plane Figures: 1f all the points of a E

plane figure fit exactly over all the B D

points of another, the figures are con-

gruent. A ABC == A DEF

A C F

B C F G
r ) ABCD =«[JEFGH
A D E H

The two rectangles are congruent.

5. SIMILARITY

Geomgtric shapes or forms are similar, All squares are similar,
or similarity exists, when they have the All circies are similar.
same shape but not necessarily the same

size. The symbol for “is similar to” is /\ /\
((~|l. A
N, B

Triangles A and B are similar

Scale drawing is baced on simiturity

Q 108
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Mathematical Ideas Mustrations and Explanations
Triangles C and D are simi-
tar and congruent.
C D
A
A C_]B Rectangles A and B are
o similar, but not congruent.
C D Rectangles C and D are
similar and congruent.
6. SYMMETRY
Line symmetry: When a line can be |
drawn which divides a plane figure so > - l o

that one side is an exact mirror itnage A B P
of the other, the figure is said to be

symmetrical. The line is called the l

line of symmetry or the axis of sym-
metry.

) }.
Y

Line ! is the tine of symmetry. For every point on one side of P there
is a corresponding point on the other side the same distance from P.

If the figure is folded on the line of symmetry, the halves ccincide
exactly.

For cach point on onc sidc of the line of symmelry there is a
corresponding point on the othei side,

El{fC 109



Mathematical ldeas

Ulustrations and Explanations

Plane symmelry: Some figeres are
symmetrical. When this is true a plane
-~the plane of symmetry-—separates
the figure so that one side is the exact
mirror image of the other.

Plane Figures—Closed Paths

A simple closed curve separates a
plane into three sets of points—the set
of points on the curve, the set of points
«m the interior and the set of points
n the exzerior.

CiRCLE: A circle is a simple closed
curve in a plane every point of which
is the same distance from a given
point in the interior called the center.
The symbol for circle is () and is des-
ignated by the letter labeling the cen-
ter.

A circle separates a plane into three
sets of points—interior, the curve, and
exterior sets of points.

2
" T

Example:

This rectangular prism is
symmetrical with respect to
plane m. It has threc planes
of symmetry.

interior

curve

exterior

exterior

AB 1s the diameter of () R. A diameter of a circle is a line segment
which passes through the center point with its end points on the circle.
Every circle has an infinite number of diameters.

RB and RA are radii of () R.

A radius of a circle is a line segment with
one endpoint on the center of the circle
and the cther endpoint on the curve. Every
circle has an infinite number of radii.

An arc of a circle is that part of the circle

travelled in moving from one designated

gg\int/@ another designated point. AB,
D, BD, AC

CD is a chord of (DR.

A chord of a circle is the line segment with endpoinis on the curve.
The diameter is a special chord.

1o
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Mathematical Ideas
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IHustrations and Explanations

the two fixed points.

PR TR

gon.

angles are congruent.

relationships:
(equilateral}
celes)

ures {scalene).

certain relationships:

(cquiangular)

(isosceles)

all three angles that are not con-

o grueat (acute)

ERIC

Aruitoxt provided by Eic:

ELLIPSE: Anp 2llipse is a simple closed
‘ curve having iwo fixed points on the
: interior ca'ed the foci. Each point of
' the curve has associated with it a num-
3 ber which is the same for every point.
‘E’ This number is the sum of the meas-
E ures of the distances from the point to
¥,

PoLYGON: A polyzon is asimple closed
curve formed by the upion of three or
11cte line segments. Two line segmeants
with a common endpoint form an angle
since line segments can be thought of
as parts of rays. The common end-
points are called vertices of the poly-

A regular polygon has line segments or
sides of the same ineasure and its

Triangle: A triangle is a polygon
with exactly three sides. The sides
of a triangle may have one of three

three sides equal in measure
two sides equal in measure (isos-

all three sides of different meas-

The angles of a triangle may have
thrce angles that are congruent

two angles 1hst are congruent

A

An ellipse has two lines of symmetry.

Points A and B are foci.

Examples:

equilatzral Z 5

equianiular

isosceles

it

<1317

scalene
acute



Mathematical Ideas Iltustrations and Explanations

one angle a right angle (right)

one angle greater than a right
angle {obtuse) \

igl ight !
21;c:;eg)es less than a right angle right obtuse

Quadrilateral: A quadrilateral is a
polygon with exactly four sides.

PARALLELOGRAM: A parallelo-

; gram is a quadrilateral having op-
!‘ posite sides parallel and equal in

measure.

RECTANGLE: A rectangle is a

Quadrilateral having opposite sides

parallel, equal in measure, and
' cotaining one right angle. A
rectangle is a parallelogram.

SQUARE: A square i$ a quadri-
. lateral which is a rectangle having
all sides of the same measure. A
square is a rectangle and a paral-
lelogiam.

TRAPEZOID: A trapezoid is a
quadrilateral having two and only
two sides parallel

Pentagon: A peniagon is a polygon
having exactly five sides.

o 112
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Mathematical Ideas

Nustrations and Explanations

Hexagon: A hexagon is a polygon
having exactly six sides.

Octagon: An octagon is a polygon
having exactly eight sides.

Plane Region

A plane region is the union of the
curve and its interior set of points.

Space Figures—Closed Surfaces

Any set of points is a space figure.
Geometry includes the sets of points in
all space as well as sets of points in a
plane.

A closed surface separates space into
three sets of points—those in the in-
terior, those on the surface, and those
on the exterior. A point in space iies
either on the surfacc, in the interior
set of points, or on the exterior set of

points.

Sphere: A sphere is a closed rurface
formed by rotating a circle aboul
any of its diameters. The center of
the sphere is che center of the ro-
tated circle. A sphere is the union
of all points in space which are the
same distance from a fixed point or
center.

O

RIC

Aruitoxt provided by Eic:

]
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interior

eaterio

siurface

T

B

OA, 0B, a

O is the center of
the sphere.

nd OC ~re radii of the sphete.
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Mathematical Ideas Mlustrations and Expianations

Cylinder: A right circular cylinder
is a closed surface formed by rotat-
ing a rectangle around one of its
sides. The bases are circular regioas
in parallel planes. The surface other
than the bases is called the lateral
surface. A zlement of the cylinder
is 2 line segment perpendicular to
the two bascs with endpoints on the
circles,

ABCD is a rectangle

E is an element of the cylinder.

A
Cone: A right circular cone is a

closed surface formed by rotating a

right triangle about one of the rays

forming the right angle. The rays A is the vertex.

forming the right angle are known

as legs of the right triangle. The ABCis aright triangle,

base of a right circular cone is a 5" AB is one of its legs.
circular region.

Prism: A prism is a closed surface
with at feast two congruent faces
lying in parallel planes, All other
faces are parallelograms. ="

:

Pyramid: A pyramid is a closed sur-
face whose base may be any po-
lygonal region and whose sides are
triangular regions having a common
verlex.

Pyramids are named according to triangular square
the polygon which forms the base. pyramid Pyramid

Space Region—(Solid Region)

A space region is the union of the
closed surface and its interior set of
points.

o 114
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TEACHING SUGGESTIONS FOR GEOMETRY

Basic tdeas of Geomeiry

The ideas of point, line, line segment, ray, plane,
angle, and space should be developed using models
from the physical world.

Point: The idea of a point may be introduced by
discussing such questions as:

What brings the idea of a point to your mind?
(Tip of a pencil, knife, scissors, thumb tacks,
pins, nails, corner of a book)

How can tne idea of a point be shown on paper?

Which dot is the best representation of an exact
location in space?
Qo

Line: String can be used to illustrate the idea of a
line by beginning at each end and rolling the string
into two balls, attaching mid section to a board with
thumb tacks as illustrated, and unrolling the string in
both directions, pretending it has no ends.

e ®

2 g

tack tack

Line segment: The idea of a line scgment is illus-
trated above by the 1acks and the string betwecn them.

The “lines” on the tablets of the students are pictures
of the idea, line segment. with edges of paper as the
end points.

Ray: A seamsircess’ tape or a surveyor's tapc may
give the idea of a ray. The case is the end point with
the 1ape extending from it in the one dircction illustrat-
ing the ray.

The tight sent out from the bulb (end puoint) of a
flashlight can produce the idca of a ray. A ball of yarn
and three children inay also demonstrate the idea. The
first child holds the end of *he yarn, the second holds
the Yaria at a point to draw it taut, as the third child
moves off unwinding the ball as he goes pretending

that it has no sccond ¢nd

1t

Piane: To produce the idea of a planc children may
do the following:

ERIC

Aruitoxt provided by Eic:
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Draw a picture of a point, label it M and discuss
whether the point has thickness.

M__—>

P

/

Draw pictures of lines through point M.

P

Discuss nuestions such as:
How many lines can pass through point M?

Could the paper be covered with pictures of lines
through point M?

Can the set of points be said to cover the top of
the desk if pencil point is placed at M and the
paper turned around it?

Does a line have thickness?
Is a plane flat?

Does a plane have thickness?

Place pencil point through the center hole of ruler,
(a number linc), keep ruler flat on the desk, and spin
it. Discuss whether this gives idea of a plane.

Hold pencil with point straight up, place ruler on
pencil tip and spin ruler. Does this action definc a
plane? (Yes)

Tilt pencil and spin ruler. Does this action define
the same planc? (No)

Angle: Understanding of angles can be developed
through use of a model prepared by children in the fol-
lowing manner:

Cut two strips of tagboard
A

about % inch wide and as long
as desired. Join these strips
al onc end with a brass brad.
Draw a ray down the center of
cach strip from the brad (B).
Labcl a point somewhere
along cach strip. The brad B
tepresents the endpoint of the

rays and vertex of the angle.

e e 49



The model can be used to show the special kinds of
angles most commonly used today and to locate angles
in the physical world.

—

One ray may be placed along one side of the desk
and the other fitted around the corner. Corners of
rooms, doors, books may also be explored as children
see other places that are models of angles. The posi-
tion of (he rays which seems to be the most often used
can be observed and discussed. A model such as this is
exemplified in a pair of scissors.

Right angle: A model for right angles can be pre-
pared by:

1. Cutting two strips of tag board of different
measure.

2. Fastening them together by placing a brad
through the center of the longer one and
through the end of the shorter one.

3. Labeling the vertex B {the brad) and points
A, C, D, as shown.
A

C D
B

Ray BA can be moved so that point A is closer to
point C than to point D. When ray BA is upright so
that the angles CBA and DBA are the same, they form
right angles. Children may use this model to find where
right angles are used in construciion, art, printing of
books, and other places.

A model of a right angle may also be produced by:
1. Folding and creasing a shecet of paper.
2. Folding the folded edge along itself.

]

The corner at the fold will represent a right angle.

Path or curve; Paths threugh the woods represent
sets of points traveled in moving from one place to
another. Children may see paths or curves in the track

of cars and trucks, creck beds, spilled paint, and snail
tracks. ’

The idea of a path or curve may be demonstrated
with finger paint as children dip a finger into the peint
and make a series of dots on the paper . ... or make

one dot and draw the finger from the dot ~—~——""

across the page leaving a path behind. The path repre-
sents a set of points. Paths may be wiggly or straight
but all represent geometric curves,

Closed path or closed curve: Since a closed path
or curve is a path which begins at one point and ends
at the same point, children may illustrate the idea by
drawing inany different closed paths. Interesting de-
signs may be made and examples collected from maga-
zines.

I A
D)

Simple closed curves:. Simple closed curves are
curves that do not cross themseclves. Children may ex-
hibit designs illustrating simple closed curves. Some
letters of the elpliabet and some numerals may be
drawn as simple closed curves similar to the m.
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Relationships
1. INTERSECTION

Ideas of intersection may be reviewed by recalling
activities listed under the intersection of sets, page 18
of Sets and Numbers,

Intersecting lines: Strips of tagboard to represent
lines may be used to illustrate the intersection of lines.
Each child may experiment to find positions in which
the strips can be made to intersect.

A B

Position A shows that all points intersect. Points
have no thickness and the two lines are the same line.
Position B shows that the two lines have just one point
in common.

Intersecting planes: To make a physical model of
intersecting planes sheets of paper may be cut as shown
and interlocked. It can be seen that the points at which
the planes intersect become Jine XY. Children may
discuss the possibitity that a third or even more planes
may intersect at line XY. (See illustration page 105.)

X
Y

The idea that many planes may intersect at one line
may also be illustrated by drawing a line on the chalk-
board, labeling points on the line, and holding a sheet
of cardboard representing a plane against the line in
many positions.

1f a third point not on the line is drawn, it becomes
evident that the cardboard may contain all thtce points
in only one position. One and only one plane may con-
tain three points not in the sarie line.

Line intersecting a plare. Children may show the
three telationships of a line and a plane by using a
double pointed knitting needle to represent a line {a set
of points) and a shcet of paper representing g plane

ERIC
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(a set of points). When the line passes through the
plane, the intersection is a point. When the line lies on
the plane, the intersection is the line itself. When the
line lies off the plane and there is no intersection. the
line and the plane are paraliel.

2. PERPENDICULARITY

Perpendicular lines: The perpendicularity of tines
may be demonstrated by applying the folded paper
mode} of a right angle to the model described for right
angles on page 116. It can be seen from the illustra-
tion at the right that the corners formed by the intcr-
section of two lines are right angles.

A

B

Line perpendicular to a plane. A line perpendicular
to a plane may be demonstrated by:

a. Using a sheet of paper to represent a planc

b. Drawing intersecting lines through point Q on
the plane

¢. Holding a pencil at point Q

d. Placing folded paper miodel of right angle in
angles formed by pencil and each line passing
through point Q on the plane

e. Discussing relationship of pencil to the lines and
to the plane.

Perpendicular planes: A model for peipendiculat
planes may be found in classrooms. The folded papet
riodel for right angles may be applied to corners
formed by walls. 1f the model fits cxactly, the angles
of the walls are right angles and the planes of the walls
are perpendicular to each other. The model may be
applied in many corners.

3. PARALLELISM

Parallel lines: Physical models of parzliel lines may
be observed in Venctian blinds. railro1d tracks, tire
tracks. edges of tape or line segments on notebook
paper. Other examples may be identified by children.
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A model for parallel lines may be constructed by:
a. Drawiag line b and point G off the line

b. Drawing many lines through G inte. .cting
Ine b

¢. Observing that lines through G almost cover
the plane but Jeave a space, a missing line ¢
which has no points on line b. Lines b and ¢ are
parallel lines and their intersection set is empty.

2

C m
« A= H——p
<« g ——»
E t

X
4

Parallel lines may also be coustructed using a com-
pass and straight edge as follows:

a. Draw line n.
b. Label a point E.

¢. Construct a right angle at E. (See construct’on
of right angles below.)

d. Construct a line perpendicular to ray EA at
point C.

e. Label line o
Line m and line n arte parallel.

Parallel planes: Physical models of paralle] planes
may be seen in stacks of paper, opposite sides of rec-
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tangular boxes, shelves of book cases, or ceiling and
floor. Additional models may be Iisted and discussed
by children, applying the idea that parallel planes never
intersect no matter how far extended.

4, CONGRUENCY

Models of congruent figures may be scen in sheets
of paper from a notebook, floor tiles, stars in a flag,
checkers, dominos, or playing cards. Others may be
listed and discussed keeping in mind that congruent
figurcs have the same size and shape.

A B

———

P—

C E G D

Line segment: Line segments with end points equally
far apart may be constructed using a compass by:

a. Drawing line segments AB and CD

b. Placing compass point on A and opening com-
pass so that pencil point is on B

c. Piacing point of compass on point E on CD
with setting unchanged

d. Marking point G with pencil.
__Line segment EG is congruent to line segment AB.

EG =~ AB \

K

/

v

Congruent line segments may also be constructed
by L. cting, dividing into two congruent line seg-

118
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ments, a given line segment. The following procedure
may be used:

a. Draw line segment XY.

b. Open compass a distance greater than —;— the
measure of XY.

c. With X and Y as centers, draw intersecting
arcs above and below XY.

d. Label points of intersection A and B.
. Draw line through points A and B.
f. Label intersecting point of AB and XY, E.
XE = EY
Since angles formed by the bisector of the line seg-

ment in the construction above are right angles, the
same procedurz may be used to construct:

a. right angles
b. a line perpendicular to another line

c. a perpendicular bisector of a line.

Angles: Models of congruent angles may be seen in
the many right angles used in construction of buildings
or weaving of materials, in the corners of hexagonal
tiles or points of a star.

Models of different shaped figures may be cut from
construction paper and angles checked for congruency
by applying one angle to another to match vertices and
rays.

E

I't

Understanding of congruency may be fucther de-
veloped by the construction of congruent angles using
the following procedure:

a. Draw angle A,
b. Draw ray and label endpoint E.
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c. With A as center draw arc ! intersccting rays
of angle A at J and M.

d. Without changing opening of compass and with
E as center, draw arc 2 intersecting the ray at T.

e. With T as center and opening of compass the
distance between J and M, draw arc intersect-
ing arc 2 at N.

f. Draw a ray from E through point N.

ZNET = /JAM

Congruent angles are also formed when an angle is
bisected. This may be done by using the following pro-
cedure:

a. Draw angle B,

b. With vertex, point B. as center, draw arc 1 in-
tersecting the rays of the angle.

c. Label points of intersection A and C.
d. With A as center draw arc 2.

e. With compass opening unchanged ard C as
center, draw arc 3 intersecting arc 2.

f. Label point of intersection D.
g.- Draw ray BD.
Ray BD bisccts the angle ABC.
£ABD = ¢/DBC

Plane figures: Models of congruent figures may be
seen in stacks of paper, stacks of index cards, pages
of a book or calendar.

Duplicate models of many different figures may be
cut from cardboard and shuffled in a box o: on bulletin
board. Different activitics in which congrucnt figures
are matched may be designed.

S, SIMILARITY

Geometric figurcs that are similar have the same
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shape but not necessarily the same size. Children
may cut from construction paper geometric shapes
such as triangles, squares, circles, rectangles, quad-
rilaterals, and others. They may observe that while all
squares have the same shape and all circles have the
same shape, all triangles and all rectangles do not.

Children may experiment with ideas of similarity by
cutting two triangles exactly alike. They may discover
that, by cutting a strip paralle' to any side of one of
the triangles, the figure, aithough smaller, is of the
same shape as the uucut triangle. The triangles, there-
fore, are similar but no longer the same size since the
corresponding sides of one triangle have been shortened.

A B

E

AB corresponds to DF
BC corresponds to FE

AC corresponds to DE

It can likewise be discovered that these correspond-
ing sides ate in proportion to each ot.er:

AB is to DF as BC is to FE as AC is to DE.

Children may also discover that the angles of the
smaller iriangle will fit over the angles of the larger
triangle. Other figures may be tested for similarily in
the same way. For use of similar plane figures in in-
direct measuren:ent, see page 138.

6. SYMMETRY

Line symmetry: A plane figure which is symmetrical
may be divided by a line so that one half is an exact
iage of the other. Small hand mirrors with one
straight edge are useful in the study of symmetry. Ob-
jects of various kinds can be tested by placing the

O
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mirror in such a way that the reflection is an exact
image.

The line of symmetry marks points between the
object and the reflected image. Different kinds of
triangles and other plane figures may be examined for
axes of symmetry as illustrated.

A

“

™S

Plane symmetry: A symmetrical space figure may b.
divided by a plane so that one half is an exact image
of the other. Models of many different space figures
may be constructed or collected and examined for
planes of symmetry. Through discussion it can be estab-
lished that while some figures may have no plancs of
symmetry, others have one or more.

Plane Fijmres—Closcd Paths

A rubber band, a piece of string with ends tied to
form a ring. strings of beads may be used to illustrate
the jdea that a simple closed curve separatcs the
plane into three sets of points—those on the interior,
*«0s¢ on the curves, and those on the exterior.
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A game of marbles with a ring
drawn on the ground uses the d
ideas. The marbles on the interior
are to be played. Those on the
ring are neither on the interior
nor the exterior set of points.

1. CiIrcLE

Places where the idea of a
circle is used may be listed and
discussed: cups, wheels of bus,
end of pencil, telephone dial,
holes in the dial, clock face,
screw nead, basketball hoep.

Children may cxperiment with ways to draw circles
without tracing circular objects. A compass may be
improvised by:

a. Cutting a hole in one end
of a strip of tag board

b. Fastening the other ¢nd
to a flat surface with a
tack

¢. Placing a pencil through
the hole and rotating the
strip around the tack.

The tack represents a point in
the interior, the center, and the
strip of tag board represents a
line segment, the radius of the
circle. By extending the radius
through the center to a point on
the curve, the new line segment
becomes the diameter.

Other illustrations of the idca
of center, radius and diameter,
as well as of chord and arc, may
be seen on page 110.

2. Evuipse
From discussions and pictures or diagrams of satel-
lites in orbit, children have gained impressions of the
idea of an cllipse.
A picture of an cllipse may be drawn by:
a. Placing two thumb lacks on a line

b. Forming a ring of string and placing it around
the tacks
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c. Inserting a pencil in the ring
d. Pulling the string taut and drawing a closed
curve,

The resulting figure should be an cllipse with tacks
being focus points. See also page 111.

3. POLYGON

Many examples of polygons may be seen in the
physical world. Models of polygons may be con-
structed from strips of tag board. pipe cleaners, and
drinking straws.

Strips of tag board may be fastencd together with
brads to experiment with the number of strips neces-
sary to form a simple closed path. Strips of the same
length and of different lengths may also be used in
the experiment. Such questions as the following may
be used to guide discussion of figures:

What kind of space figure is represented by onc
strip?
\Vhat plane figure is formed by two strips?

What js the lcast number of strips necessary to
represent a closed figure?

What kind of figure is formed when all strips
have the same mcasure?

What may be noted about angles when all sidcs
are of the same mcasure?

Triangle. 1t has been noted that three line segments
form a triangle. Experiments may be performed using
brads and strips of 1ag board to construct triangles
with all sides the samc measure. with two sides the

127



same measurc, and with all three sides having different
measure.  Children may learn to identify triangles
named in terms of the sides. Sec page 111.

1.£.,

A B

Understanding of construction of congruent line seg-
ments may be used to construct cquilateral triangles.
The procedure follows:

a. Draw linc segment AB.

b. Wita compass opening equal to the measure
of AB and with A as center, draiv arc 1.

c. With B as center, draw arc intersecting arc 1
at C.

d. Draw line segments AC and BC.

AABC is an equilateral triangle since

AB == AC = CB.

E

C D

Isosceles triangles may also be constructed using
idcas rclated to congruent linc segments. The procedure
follows:

a. Dra'v line segment CD.

b. Open compass a distance greater than the

1 | —

measurc of CD.
¢. With C and D as cealers, draw intersed ting arcs.
d. Label point of intersection E,

€. Draw linc segients CE and DE.

ACDE is an isosceles triangle since CE e D

m
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A right triangle may be produced by using the pro-
cedure for consiructing a right angle and continuing
as follows:

Draw line segment AY
AAEY is a right triangle since ZYEA is a right
angle.
Expcriments may be extended to include identifica-
tion by angles by:

a. Cutting models of cquilateral triangle, tearing
off th: vertices to fit them along a line as
illustrated

<+ _—
b. Repeating the experiment using isosceles and
scalenc triangles

¢. Discussing the relationship of angles in any
triangle to a line.

Quadrilateral: Four strips of tag boatd fastened
with brads may be used lo develop ideas of quad-
rilaterals by:

Using all strips of diffcrent lengths

Using two strips of the same length and two dif-
ferent lengths

Fastening the strips described above in different
combinations

122 .
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Using two ctrips of one measure and two longer
strips to experiment with combinations

Using all strips of the same measure

Pushing opposite corners to skew figures into
different shapes

Testing for right angles using folded paper model.

Childeen may learn to identify figures formed ac-
cording to sides and angles.

A

-

[ S——_

Pentagon: Five <irips o tag board may be used to
develop idcas of pemagons ir, the same manner as de-
scribed above.

Hexagon: Six strips of tag board may be uscd to
develop idcas of hexagons in the same manner as
described above.

Octagon.: Eight strips of tag board may be used to
develop idcas of octagons in the samc manner as de-
scribed above.

\
\ X m
-« X X > /\.
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Understanding of the relationship of parallel lincs
may be uscd to construct a square with straight cdge
and compass as follows:

a. Praw two parallcl lines by constructing right
angles.

b. Open comipass the distance of the mcasure of
CG.

¢. Mark off arcs along linc m from point C and
along linc n from point G.

d. Label points of intersections X and Y.
¢. Draw linc segment XY,

Closed curve GCXY is a square since all sides
arc congrucnt, cpposite sides are parallel and
angles arc right angles.

Rclatiorship of angles of quadrilaterals to a line
segnient may be determined in the same manner as for
a triangle.

ERIC
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Plane Region

When the idca that a simple closed curve scparates
a plane into three sets of points is well cstablished,
children should have little difficulty understanding a
plane region as the union of the set of points on the
curve and the sct of points on the interior. To illus-
trate the idea modcls of plane figures cut from paper
may be contrasted with models constructed fron: strips
of tag board.

Space Figures—-Closed Surfaces

Physical models of closed susfaces cai be scen in
inflatcd  balicons, footballs, and baskctballs; empty
boxes including rectangular prisms, cylinders, pyra-
mids, cubcs, and other shapes. It can be scen that the
balloon scparates the space into theee scts of points;
the interior, exterior. and the balloon itself, or the
surface.

Children may collect boxces of intercsting shapes
to be used in learning to describe space figures in pre-
cise geometric teems.

123
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Sphere: Questions such as the following can be used
10 develop ideas of spheres:

Is a football a closed surface? Is it a sphere?
Why?

Which cf the following might be considered ex-
amples of closed surfaces: baseball, tennis ball,
ping porg ball, golf ball? Why?

Which of the balls listed above most nearly
represent spheres? Why?

Is a globe representing the earth a sphere? Why?

Children may cut out the model of a citcle and spin
it about a diameter to see the relationship between a
circle and a sphere. Since the circle will spin on any of
its diameters, it can be seen that the diameters of the
sphere and diameters of the circle are the same and that
radii of the sphere and radii of the circle are the same.

Cylinder: Physical models of cylinders can be found
easily: unopened cans, oatmeal boxes, mailing tubes,
and cylinders from motors. A cardboard model of a
rectangle may be rotated around one of its sides to
demonstrate the relationship of cylinder to rectangle.
It can be seen that the height of the cylinder is the
same as the length of the side of the rectangle, that the
base is a circuiar region with a radius of the same
measure 25 the other side of the rectangle. This idea
may be illustrated also by wrapping flexible wire
around a cylinder, then wrapping wire over the ends
i the cylinder and discussing:

The shapz of the resulting figuves

Rezlationship of figures to height and diameter
of cylinder.

Yertex
Paitern for Constructing a Cone

Cone: Onz mudel, the ice cream cone, is famitiar
to most children. Models may also be constructed us-
ing the accompanying illustration. Discussions based
on activities similar to the following inay also serve
to extend ideas related 1o cones:

124

Spinning a coin, describing the figure formed anc
discussing relation of coin and sphere

Spinning a rectangle around one side, describin;
the figure formed and discussing relation of rec
tangle to cylinder

Spinning a right triangle around one of the ray:
forming the right angle, describing the figure
formed and discussing relation of triangle to cone.

Prism: Collections of boxes of many sizes and shapes
can be used in developing ideas of prisms. As each
box is examined, such questions as the following may
be used:

Is the figure a closed surface?

Ho'v many faces has it?

How many pairs of faces lie in parallel planes?
How many faces ate congruent?

Is the figare a prism?

Pyram:id: Pictures of ancient pyramids may be dis-
cussed to introduce the idea that the faces of all pyra-
mids are triangular regions that meet at a common
point or vertex. As children experiment with con-
structions of models it can be seen that any regular
polygonal region may be used as 1 :¢ base of a pyramid.
Such Questions as the following mav guide discussion of
figures constructed:

What is the shape of the base?
What is the shape of each face?

May any facc of the pyramid be named as base?
Why?

May any corner of the pyramid be named as
vertes? Why?

What is the name of the pyramid constructed?

Space Region—-(Solid Region)

Use of the term “solid region” may be helpful in
introducing the idea of a region that is the union of the
closed surface and the interior set of points. Discus-
sions in relation io closed surfaces may be reviewed to
cstablish an understanding of the difference tstween
ping pong and golf balls, tennis and baszballs. Glass
paper weights in many shapes in contrast with glass
bottles or jars may be rsed to extend understanding
of the idea. A styrenc foam ball and old tennis ball
may be sliced in half and nature of the interior ex-
amined and discussed to insure that children have
c:ear understanding of th2 differences between closed
surfaces and space regions.
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MEASUREMENT

Mcasurement, or the process of measuring, associates a number with a physical object or a geometric figure
to show quantity or amount. Measurement developed historically through necds of Man to compare and describe
quantitative aspects of his environment. The continving need for measurement has led to the development of more
precise measuring instruraents and to applications in diverse situations.

One of the first ideas about rieasurement that a child experiences is the comparison of physical objects that
tells him which is longer or shorter, Jarger 0. smaller, taller or shorter. Later the child learns to chcose a unit and
associate numbers with the objects.

Important concepts related to all measurement are:

The meaning of measurement

The arbitrary naturc of units of measure ¢
The necessity for standard units of measure

The relation of the property of the object to be measured and the unit of measure used

The approximate nature of measurement of phvsical objects.

Measurement is the most widely used area of applied mathematics in the elementary school curriculum.
Tdeas of measurement are involved in the sequential develdpment of sets of numbers, the number line, and
georaetry. Measurement provides teachers with many oppcrtunities for practical application of mathematical
ideas, for practice in operations on nuinbers, and for active participation and experimentation.

Mathematical Ideas Illustrations and Explanations

Basic Ideas of Measurement

A measure is the number obtained by Objects to be Units of Measurement
comparing an object with a wnit of Mecasured Comparison
measure which js of the same nature
as the object. —_ — 2 + ¢ + —~
Liaxe Segment Unit Segment Number of unit
segments = 4

Plane Region Unit Plane Number of unit plane
Region regions = 8

Space Region Unit Space Number of unit space
Region regions = §

SN " 125
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Mathematical 1deas

Hlusiritions snd Explanations

Standard Units of Measure: Standard
units of measure are sclected arbi-
trarily by agreement. The history ¢’
measurement js the story of the need
for and the development of standard
units of measure. The history of meas-
urement grovides one vehicle for de-
veloping understanding of thie necessity
for standard units of measure.

Each type of measurement may be
thought of as having a standard unit
arbitrarily selected. For example:
meter or yard for length, gram or
pound for weight, second for time, and
degree for angle.

Other units may be defined in terms
of the standard, as cither a multiple or
as a fractional part of the basic unit.

Direct and Indirect Measure: Direct
measurements are made by comparing
a unit of measurement with the object.

O
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Width of thumb

[C‘* =
j
_

Other Un

Angle

its

Unit Angle

Marks on a
metal bar

Three grains of
barleycorn

Nrmber of unit angles == 2

_

L

I

1

% yard = 1 foot, 1760 yards = 1 mile

1_16" pound (Ib.) = 1 ounce (0z.), 2009 ibs. = | ton

gla degree = | minute, 360 degrees = 1 revolution

second = 1| millisecond, 60 seconds = | minute

Equivalents
5% ft. = CJ in.
ﬁ—l- X 12 = 66
)
80 0z. = [ Ibs.
8 _
16

12 in. = 1 ft.,

sbo, = 6 in.
2

{60z. = 1i%.

80 0z. = 5 Ibs

A measuring tape is used to determine length of a clasiroon.

A measuring cup is used to determine the amount of fur for a cake

recipe.
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Muthematical {deas

[llustrations and Explanations

Indirect measurement is a measure ob-
tained by caleulation in situations
where d'rect comparison of a s'andard
unit of measure and the obleet is nat
possible or practical.

Approximate natur: of measuwrement.

Al measurements determined by the
use of a measuring irstrument are ap-
proximate because of the c .aracteris-
tics of measuring instruments them-
selves and of human limitations in the
use of the tools.

Since measurements are made to the
nearest given unit, an error is always
involved. This error is no more than
one half the unit of measure being
used.

Precision: The precision of a measure-
ment is determined by the unit of
measure used.

O
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To measure rise or fali of temperature, the expansion or contraction of
a liquid in a closed giass tube is measured. (Liguid thermometer) The
rise or fall of temperature is indicated by an appropriatcly calibrated
scale attached to the tube.

To measure the passage of time, a clock or watch, whizh is a mechani-
cal device of gear wheels driven by eleetricity or springs, is used.

To measure the distance a child lives from school, the number of
revolutions of the wheel of an automobile may be counted. A serics of
aporopriate gears enables the distance to be indicated on the automobile
odumeter.

To measure the area of a rectangular region, the lcngtas of adjacent
sides are mcasured and the area is determined by an appropriate
mathematical formula.

Error

—
1 1 1] L 1_2_ - 13

—

Length recorded as 2 inches to the ncarest inch.

Error is no more than onc-half inch.

rror

o
I3

—_ 1 . ll I_AJZL

Length recorded as l% inches to the ncarest haif-inch.

Error is no more than one-quarter inch.

e———————=— —Frror

1

TR | DS I o 12 s Lo a3 >
L4

[ a

Length recorded as ]i- inches to the nearest quarter inch.

Error is no more than one-cighth inch.

Precision of

Given Measurement Measurament
83 in. Lin
8 8
3.6 miles 0.1 miles
2 1bs. 4 oz 1 oz
3 tons 1 ton
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Mathematical Ideas

Hiustrations and Explanations

A measurement is only as precise as
the measuring instrument used: ‘The
smaller the unit of measure, the more
precise the measurement. The degree
of precision desired and the size of
the object to be measured determine
the appropriate unit of measure.

Types of Measurement: Different types
of m=asurcments are nceded for de-
scribing  different types of objects,
quantities, or conditions. Each type
may irclude more than one unit of
measure.
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Object
Book
Rug

Distance between
cities

Liquid

Dry

Weight

Time

Temperature

Counting

Angular

Length

Arca

Yolume

Precision of
Instrument

- in.
1 ft

1 mi.

SYSTEMS
English
teaspoon, tablespoon,
cup, pint, quart, gallon

teaspoon, tablespoon,
cup, pint,* quart,*
peck, bushel

ounce, pound, ton

second, minute, hour,
day, week, month, year,
decade, century

degree, Fahrenheit

unit, pair, dozen, gross,
ream

second, minute, degree,
revolution

inch, foot, yaed, rod,
mile, light year

square inch, square fool,
square yard, acre

cubic inch, cubic foot,
cubic yard

Appropriate
Instrument

Foot ruler
Yard stick

Odometer

Metric

milliliter, liter, kiloliter

milliliter, liter, kiloliter

milligram, gram,
kilogram

same

degrec, Ccelsius

same
same

millimeter, centimeter,
meter, kilometer

square millimeter, square
centimeter, square
meter, hactare

cubic millimeter, cubic
centimeter, cubic meter

Many industries, trades, and occupations have units of measure par-
ticularly their own.

*Not equivalent to the saine unit of liquid measurem.ent.

Liquid measure
Dry measure
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Pint

28—;- cudijv inches

33% cubic inches

Quart

57% cubic inches

6751 cubic inches
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Mathematical Ideas Hlustrations and Explanations

The Metric System

The Metric System of measure is a Relationships of Metrie Units
decimal system since relationships be-

tween units are based on powers of . Weight
ten Linear Mass Volume
1000 units kilometer kilogiam kiloliter
100 units hectometer hectogram hectoliter
10 units decameter deconram decaliter
Standard:
Unit Meter Gram Liter
716 unit decimeter decigram deciliter
L unit centimeter centigram centiliter
100
unit mitlimeter milligram milliliter
The English System
In the English System units of meas- Relationships of Units of English System
uce are selected arbitrarily with no _ .
consistent pattern of relationships be- 1760 yds. = 1 mi.
tween units. 5% yds. = 1ed 2000 s = 1T 4qts = 1 gal.
Standard:
Yard Pound Quart
)] 1 1
—yd. =11t — b.=1oz. —qt. = 1pt
37 16 P
1 . i
— yd. = 1in. ~-qgt.= 1l
26 y i i p
Relationship of nietric units to English Onc inch is about 2.5 centimeters
unifs: Since it is necessary at times to inch scale
convert measurements from English to ¢ " B o -»>
metric, or metric to English systems, it 1 2 3
is desitable to develop understanding ¢ i N 4 >
i 2 3 4 5 6 7 centimeter scale

of an approximate relationship be-
tween the more commonly used units.

O
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Mathematical ldeas Hlustrations and Explanations

Excessive comiputation is 1o be avoided
since the principle idea of relative re- One Kilometer is a litde more than one-half mile.
lationships is often fost in this manner.

One kilogram is a little more than two pounds.

One meter s a dittle more than one yard.

The metric system is used in many countries and by scientists in all
countries. Many industries in the United States now use the system
since it is casicr to convert from one unit to another in a base ten
system. Legal units of measufe in the United States have been deter-

mined in terms of the meter. gram, and liter since 1866.

Converting from one unit to another:
A nccessary phase of the study of
measurement is learning how to con-
vert a given mcasurement to an cquiva-
lent measurement expressed in a dif-
ferent unit of mcasure. The objective
is to learn a systematic pattern based
on understanding which will cnable the
student to convert units sucvessfully.

ERIC

Aruitoxt provided by Eic:

Two approaches for converting units are described oclow:

The relationship between 2 measures can be expressed as u ratio. This
fact can be used in converting from 1 unit to another, For example:

. . . . 12
foot to inches is 1:12 or .II—" inches to foot is 12:1 or ==
. {6
ounces Lo pounds is 16:1 or -
. . . 1.00
inches 10 centimcters is 1:2.54 or - o
2.54

In a proportion the numbers must always be from the same denomi-
nation, This fact can be used in converting from one unit to another,
If a given mcasurement of 60 inches is to be converted to feet, a propor-
tion may be uscd:

R & DR
5 600rl.|2 [}:6

Solving the equation results in [) == S and 60 inches cquals S feet.

. | .
If a given measurement of 5’ pounds is to be converted to ounces. a
proportion may again be used;
]

TS
Solving the equation results in {)] = .8 and 551 pounds cquals 88

ounces.
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Mathematical [deas

Hlustrations and Explanationg

Fstimation of Measurement

Estimation is the mental process for
arriving at a reasonable measurement
by seeing an object in propar perspec-
tive to a unit of measure. Estimates
are based on known facts or past ex-
perience. Experience and mental com-
putation are essential in arriving at a
satisfactory result when actual meas-
urement is not feasible or not needed.

Estimating measures

Estimating number of discrete ob-
jects

Perimeter

The perimeter of .. simple closed path
is the distance traveled in moving
from one point along the path back to
the starting point.

ERIC

Aruitoxt provided by Eic:

A second approach to converting units d2pends to some extent on ex-
perience and common sense.

To change fromn a large unit to a smaller unit, multiply by the number
that tells how many smaller units are ejuivalent to one large unit.

Change 24 yards to fect

3 feet = | yard 24x3=72 24 yards = 72 feet

Change 47 Xilometers to meters
1000 meters = 1 kilometer 47 % 100G = 47,000

47 kilometers = 47,000 nieters

To change from a small unit to a larger unit, divide by the number
that tells how many smaller units are equivalent to one large unit.
Change 488 ounces to pounds

1 pound = 16 ounces 488 + 16 = 30% 488 ounces = 30% pounds

Change .6 kilometers to miles
1 mile = 1.61 kilometers 36 + 1.61 = 224

36 kilometers = 22.4 miles

Using parts of students’ bodics as units of measure. finger joinis, hand
span, foot.

Stepping or pacing to cstimate distance.

b P=2+3+14 P=3+3+3
P=a+b+c P=sts+s
c A '
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Mathematical Ideas

Nlustrations and Explanations

Polygon: The perimeter of a poly-
gon is the sum of the measures of
the line segments which form jts
sides.

Circle The petimeter of a circle,
Conventionally called the circumfer-
ence, is the product of pi and the
measure of a Jiameter of the circle.

Area

The area of a given plane region is the
number of unit plane regions required
tu cover the plans region with no ovet-
lapping. Plane region—See page 123,
Geonetry.

O

RIC

JAFuiToxt Provided by ERIC

Ty

S

—_—

y

— s ]

X
x=2 —_—
y=4

P=24+4+2+4 s=2
P=(2x2)+(2x4) P=2+2+2+2
P=2y +2xo0r2 (I +w) > = 4s

The constant relationship which exists b.tween a diameter of o il
and jts circumference may be demonstrated in the following way

1.

P S I

Wrap string around model of a .ircle.

- Stretch string out straigkt.
- Cut strip of paper the same length as a diimcler.

- Compare length of diameter with length of strirg. Ret it of com-

parison: the citcumference is a little more than 3 times the diameter,

- More approximations of the relationship of the diametcr to the

circumference will give 3;;- or 3.14.

. This constant ratio, with value approximately 3% or 3.14 is known

)
as =, the Greck letter pi.

.C=xd

C = 2»r

Unit

Area is 4 Units

_A Unit

Area is 12 Units
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Mathematical Ideas

Hlustrations and Explanations

1. AREA OF POLYGONS

Rectangular region: The area of
a rectangular region is the product
of tne measure- of its length and
width.

Parallelogram regicn: The area of
a parallelogram region is the prod-
uct of the measur:s of its bace
(length) and height (altitude o1
widtn).

O

RIC

Aruitoxt provided by Eic:

Area is 9 Units Unit
Although any plane tegion can be used as the unit, a square planc

region such as a square inch or a square cenlimeter is usually usad as
the standard unit of areca measurement.

Count number of square units which
can be placed along one side of rec-
tangle.

Count the number of rows.

The area is the product of the number
of rows and *he number of units in
each row.

A =4 + 6= 24 sgrare units
There are [ squarc units along one

side, and w rows of the units.
A=iXw

Square

A =5 7 sors?

S

Cutting atong a linc perpendicular to
the bases, a parallclogram region can
be made into a tectangular region.

A=bXh
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Mathematical Ideas

Vlustrations ar.1 Explanations

O

ERIC

Aruitoxt provided by Eic:

Trapezoidal region: The area of a
trapezoidal region is one half of the
product of thc measures of the
height (altitude) and the sum of
the measures of its parallel sides
(bases).

Yriangular region: The area of a
triangular region is equal to one half
the product of the meas.re of its
base and height,

Circular region: 1he area of a cir-
cular region is equal to the product
of pi and the square of its radius.

By adding 2 congruent trapezoidal region. the above parallelogram re-
gion can be made with base (b, + b,).

#:rea of the above parallelogram region = h x (b; +b,).

Thus, arca of trapezoidal regiop = El X h . (b; + b,).

By using another congrucnt friangular
c a regioil, a parallelogram region may be
formed.

b
b
= e
h s c
b

The area of the parallelogram region = b X h

Hence, the area cf the triangular region may be expressed:
A= 1 bxh
2

An approximation for the arca of a circular region may be developed
by using the following model:

—— 2t —_———y
1
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Mathematical Ideas

IMustrations and Explanations

2. AREA OF CLOSED SUKFACFS:

Prism and pyramid: The surface
area of a prism or pyramid is found
Ly adding the measures of the arcas
of the faces or planc regions v.hich
make up the closed surfaces,

ERIC

Aruitoxt provided by Eic:

The area of the square region is:
2r X 2r = (2r)2 = 4r2

Hence, ihe area of the circle is approximately 3r

A = 3rZ (=~ means “approximately equal to”)

The following model may also be used to develop the formula for
finding the area of a circular region.

Cut a circular region into an cven number of congruent wedge shaped
secticns.  Fit these together to form an approximation of a parallelo-
giam region; the smaller the wedges the better approximation,

If the region were a parallelogrant. its base would be equal to % of the

circumference of the circle and its height equal to the radius of the
circle.

C = 2nr b= %C or «r h=r
A=bxh )

=ar Xr

= pr2

W

Total Area = 2 X (I X w) +2 ¥ (wXh) +2%x (IxXh)

Total Area = (2 X B) + (h X p) where B is the area of base, h is
the height of the prism and p is the perimeter of the base,



Maihematical Ideas

flustratiens and Explanations

Cylinder: The surface arca of a
cylinder is found by acdding the area
of its lateral surface and the areas
of the two bases.

Volume

The volume of a space region is the
number of unit space regions required
.0 fill the space region.

Rectangidar prism: The volume of
a rectangulat prism is the product
of the area of its base and the alti-

Lateral Area: Think of a label of a can cut in a line perpendicular to
the bases. Stretched out the label makes a rectangular region with the
same area as the lateral surface of the cylinder.
Lateral Area=c X h

C=2sr or x d
Lateral Area=2sr X hornd X h
Arca of 2 bases = 2412

Surface area of a cylinder = lateral area + area of bases

A=2xtXh+ 2212 of

A = 2B+ (h X ¢) when B is the area cf one base, h is *he height
angd c is the circumference of a bace.

A
LA
T
e .7,' -
p ’ -
/

Volume is 4 units.

LCL L]

Vo'uine is § uniis.

Find Gie nuinber of cubic units of the

i

tude or the product of its ad A" A -4 - base layer.
VAl [ B
length, wicth, and altitude. i 7 [7‘4,. e /f 6x4=24
! o' B ' iy
[ B ES FER RN 1A BN Hence, 24 cubic units will form the
) et r Rl Ly ’
”'l' tr-r .i 71 1:;_‘: 1 H* I -: 11 2: base layer.
e LA H R o ; '
: X !.; &Jc}ff“,"‘"' g%-_f _:r_ : -':._1'1:)-_ The height tells the number of layers.
L’L =R TR & Hence, volume = 3 x 24 = 72 cubic
cdan ot | P [ 2 h— .
’ ’ ’ . , / units.
6—1 =
Q 136



YR

T LTINS 0, s emc e o

Mathematical Ideas

Illustrations and Explanations

Regular pyramid: The volume of
a pyramid is one third the product
of the area of its base and the alti-

tude or height.

Right circular cylinder: The velune
of a right circular cylinder is the
product of the arca of its base and
the altituds.

ERIC

Aruitoxt provided by Eic:

B N |p T Bisthe area of the base,

w \
l—"‘_"——j V=BXh

V=(xw)xh

Given a prism and a pyramid wit’i congrucnt bases and altitudes, the
prramid filled threc times with sand will fill the prism.

1
V==-BXh
3

g h region

A =412

The area of the base is »12. Hence, »r2 cubic units wil! cover the base
completely ! unit deep. There are b layers. Hence:

V=BXh

V=wZzxh
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Hiustrations und Explanations

Right circular cone: The volume of
a right circular cone is one third the
product of the area of its base and
the altitude.

Given a cone and a cylinder with congruent bases and altitudes, tl
cone filled three tinies with sand will fill the cylinder. Hence,

V=—]—Bhorv=lwr2h
3 3

B is the area of the base or »r2.

Measures of some geometric figures, such as the surface area or volume
of a sphere, have rot been included. Measures of such figures may be
more appropriately introduced at the junior high or secondary levels.

Use of Similar Plane Figurcs in
Indiroct Measv-ement

Use of similar polygons in indirect
meastrernent  depends vpon under-
standing that coiresponding sides of
similar polygons a.e in proportion.

n
n_18
2 5
SXa1=16x2
32 2
n=___6_
/ : -
12 . 12_2
5 4
5 4 SXa=4x12
- _ 48 _ 3
3 n 8= 5 =9
22_n
5 3
SXn=12x3
n=3—6=7.!.
5 5

13¢

144



S

e

Cacal

o o 0O AW oy mnes

Mathematical Idcas

Illustrations and Explanaticas

Scale Draning

Scale drawing is a representation of an
object equal in size, enlarged, or re-
duced to convenient or appropriate
size. The drawing is similar to the
originil, therefore, all measurements
are in proportion to those of the origi-
nal object. The scale is the ratio of
measurements on the object to meas-
urements on the drawing.

Rectangular Coordinate System

The rectangular coordinate system is
made by the perpendiculac intersection
of two number lines In the rec'angu-
lar courdinate system, ordered pairs of
numbers are used to locate points in
the planc. There is a onc-lo-one
correspondence between the set of
points in the plane and the set of or-
dered pairs of real numbers.

:‘_' EI{IC

PAFullToxt Provided by ERIC

A rectangular room which mcasures 15 fcet by 20 feet may be repre-
. 1.
sented by a drawing, 1—2— inches b/ 2 inches, where »]2— inch represents

5 feet.

]

4] 5 1
20 et
\/ Seale

A peanut which measures % inch may be represented by a drawing

2% inches where | inch represents % inch.

L.;;!({;

Scale

Johnny lives 2 blocks east and 3
blocks north of the center of town.
C is the center of town. His home is
shown by J. Mary lives 1 block west
and 2 blocks south of the center of
R town. Her house is shown by M.

. Q: 4 blocks west, 3 blccks north

R: J blocks east, 2 blocks south

139
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Mustrations and Explanations

i Locate the point that matches (12,
L 2)
d o A
r The point A (+2, t3) js located by
L moving to the right 2 and up 3.
Lt 1.1 8 ) N N S | 1 T -
A | i Locate the point (-1, -2}
Be t Point B, (1, -2} is lccated by mov-
ing to the left 1 and down 2,
Longitude and latitude: Longitude i Ig.
and latitudz are lines drawn on maps
and globes to indicate distance and to 90 8070 60 5040 30 Z(leﬂ 10 20 3040 50 60 70 80 90
locate points. Lines of longitude are gg 90
drawn north and south through the 80 80
North and South Poles. Latituds lines h 70
are drawn east and west parallel to 70 )
the equator. Longitude and htitude 60 60
represent a modification of the rec- 50 50
tangular coordinate system. 40—t 40
30 ichmohd 30
20 { —— 20
10 10
Equator W 0' ¢— » 0'E
10t—¢ 10
20 20
] -
30 | _T___( _J_dha nckbuk g 30
40 40
50 50
60 —+ 60
70 70
80 80
90 90
90 8070 60 504030 2010 | 10 20 30 40 50 607080 90

)

Aruitoxt provided by Eic:

v

0.
S
Prime Meridian

Richmond, Virginia 1s 77 west longitude, 37° north latitude. Johannes-
burg, South Africa is 30° east longiwde, 25° south latitude.
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1lustrations and Explanations

Graphs: Mcst graphs are based on
the rectangular coordinate system or
come adaptation of it. Many graphs
will utilize only the first quadrant of
the rectangular coordinate system since
only positive numbers wiil be involved.

LINE GRAPH

BAR GRAPH

Other types of graphs may also be

used in representing data.

ERIC

Aruitoxt provided by Eic:

Temperature at Noon

44

40
38
36
34
32
30
28
26
24
22
20

Sections of Grade 7

Temperature at Noon Each School Day in January

-y

S N B |

. B . 1
23 456 910111213161718 1920232425 2627

Days in January

0 5 10 15 20 25 30 35 40 45
Number cf Tickets Sold

Weights of Some Metals Compared to Water

'Nath’&
—— s 832382822214

w 24432222222222222221

~ 28882281
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Mathematical Ideas

Miustratio ; and Explanations

CIRCLE GRAPH

Elemeats in the Earth’s Crust

\

Oxygen
47%

simpler.

Graphs are particularly useful in statistics since relationships among
items of data may be clearly and quickly seen and interpretation made

Introduction to Elementary Statistics

To answer many questions it is neces-
sary to collect, analyze, and Interpret
facts. These facts are known as data.
The study of numerical data is known
as slatistics.

Collecting data: The first step in a
stetistical study is the collection of
information or data.

Organizing data: For botter under-
staading, data are arranged in some
systematic fashion. One way to do
this is to write the data in order of
size from the highest to the lowest,
and then show how often each item
has occurred. Such an arrangement
is called a frequency distribution.

ERIC

Aruitoxt provided by Eic:

As part of the study of weather in a science class. students observe
and record the outside temperature in degrees Fahrenheit cach day at
noon. During January the following temperatures were recorded:

M

First Week 38
Second Week 39
Third Week 36
Fourth Week 28

Temperature in
Degrees Fahrenheit

41

T

40
35
32
30

W

39
34
26
33

T
38
36
25
35

3
4]
38

25
34

Frequency

(4

40

39

/
/i

38

1774

37

36

142
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Mathernatical ldeas IMustrztions and 17 planations
The data may consist of large numbers Temperature in Degrees Fahrenheit
of items, or have item; that differ so
greatly in value that a frequency dis- Intecvals Frequency
tribution showing each item becomes
unwieldy, In such cases, the Jata are 40-41 2
entered by intervals. This is called a 38-39 5
grouped frequency distribution. 36-37 _ 2
34-35 4
3233 - 2
30-31 1
28-29 o )
26-27 H
24-25 2

The information in a grouped fre-
quency distribution, as above, may be
pictured in a vertical bar graph, called
a histogram.

Number of Duys

-]
3
1

-t
g 3 3
! 8 &8 =

[
[32]
0

Temperature in Degrees Fahrenheit

Instcad of handling an entire table of
data, it is often more convenient to
use a number that is representative or
typical of all the data in the tadle.
Such numbers arc called meusures of
central tendency s.nce they ter.d to be
descriptive of all the deta. There are
three such measures and each has ad-
vantages.

O
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Mathematical Idecs

Illustrations and Explanations

O

ERIC

Aruitoxt provided by Eic:

The arithmetic mean (or average)
of a set of data is equal to the sum
of all the data values divided by the
nunber of values.

The median of a set of data is the
middle number of the set when the
members are arranged in order of
size. To find the median, first ar-
range the numbers in order of sjze.
The medtan is the middle number if
the set contains an odd number of
numbeys. If the set coutains an
ever aumber of ruinbers, the
median is a number halfway be-
tween the two numbers that are
nearest the middle.

The mode of & sct of data is the
number that occur- most frequently.
To find the mode (of a set of data)
arrange te data ‘n a freqriency table
and select the item having the great-
est frequency.

The arithmetic mean for temperatures during five days of the first week
of January (See table page 142) is the sum of those temperatures
divided by the number of readings.

BHA0+39+38+41 _ 196 _ 0,

5 5

39.2 is the mean or average temperature for five days in the first week
of January,

The arithmetic mean for the time during 20 days of Jouuary is the sum
of temperatures for all 20 days (682) divided by number of rcadings
(20).

682
20

=34.1

34.1°F is the mecan or average temperature during twenty days of
January.

Thete are 20 numbers in the frequency distribution on page 142.
Counting down from the top. or up froin the bottom, the middle
temperature is 35°F. Thus the median temperature for January is 35°F.
Given the numbers 21, 23, 24, 28, 34, the median is 24.

Given the numbess 62, 65, 70, 74, 78, 81, the median is 72.

The temperature 38°F occurs most frequently in the frequency distribu-
tion on page 142. Thus 38'F is the mode for temperature duting
January.
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Aruitoxt provided by Eic:

TEACHING SUGGESTIOMS FOR MEASUREMENT

Basic Ideas f Measureraent

Children should have expericnce measur’ng with
arbitrary units of measure such as, pencils, pieces of
chalk, or edges of books to measure length or distance;
sheets of paper, cards, tilcs, or flat sides of books or
blocks to measure surface; blocks, books, or boxes to
rieasurc capacity o volume. Altempts may also be
made to measure a fRat surface using circular or tri-
angular regions, or to measure a circular region using
square or rectangul.r regions of smaller circular units.
If records are kept as children measure objccts using
arbitrary units, discassion of results can bring out the
need for employing a unit which has the same nature as
the object being measured. It may also point out the
need for standard units which cveryone uses and
understands.

Standard Units of Measure: Each child may be pro-
vided with a strip of cardboard be.ween 12 and 13
inches long and a smaller strip measuring one inch
square. Starting at a point which is labeled O and

ﬁ’_{iliflJllllllj
]II

Dll!

using the 1 inch unit to mark unit segments, €7 “h inch
is labeled. These rulers should be checked against
other rulers and yard sticks to show that an inch is the
same length no matter how long the measuting instru-
ment may be. The self-made rulers may then be used to
measure things at home and at school.

Standard units of measure of many kinds should be
available in the classroom and opportunity to use
them should be provided. Foot ard metric rulers, yard
and meter sticks, tape measures, teaspoons, table-
spoons, balance scales and weights, units for liquid
and dry measure, clocks, and large scale thermometers
should be accessible tu children at all times. Children
should have expericnce filling half-pint, pint, quart,
half-gallon, and gallon containers with sand or water as
well as applying units of linear measure. Objects of
different size but of the same weight should be avail-
able for comparison both with and without weighing.
By applying standard units of measure to concrete ma-
terizls, children discover relationships batween cup, pint
and quart, ounces and pound, mefer and centimeler.
It relationships dizcovered are recorded on Jharts and
made accessible when needed, children learn equiva-
laqts in a meaningful way,

In addition to the classroom collcction, each child
should have available for individual usc an appro-
priately marked ruler and, as the need develops, a
protractor. In developing understanding of the need for
standard units the cubit referred to in Biblical litera-
ture may be discussed. The length of a cubit was
determincd by the length of a man's arm from finger

tip to clbow. The variation in cubit as represented by

forcarm measuremcents obtainable in the classroony can
help children ta understand why this unit is no longer
in use.

Older children may study history of the developrent
of instruments of ineasurement. This may range fr.m
rescarch on primitive and archaic units, to explanation
of modern devices.

Dircct and Indirect Measurement:  First experiences
with measurement generally involve direct application
of a unit to the objcct to be measured. Use of a ruler
to measure length or a cup to measure liquid is direct
measurement.  Although use of the term is not stressed.
the idea shovld be cstablished.

Discussion of other ways to mcasure can result in a
classroom collection of such instruments as the follow-
ing: thermometer, specdometer, clocks, scales (plat-
form, bafance, and spring). barometcr, gauges (air
pressure, rain, wind. and stcam). and meters.

Opportunitics to use these instruments to gain greater
understanding of indirect measurement should be pro-
vided. Large scale thermomcicrs may be used to
measure tempetatures of various substances. A wcather
station may be visited to sce gauges which measure
and rccord temperature, baromctric pressure, rainfall,
and wind velocily. Devices for measuring rise and fall
of the tide n:ay be examined.

As formulac arc developed and uscd in measuring
arca and volume of gcometric figurcs, idcas of indirect
mieasurenient arce extended.

Approximate Nature of Measwrement: Such  aclivi-
ties as the following mav help children to understand
the approximate nature of measutement:

Recording and comparing results when several
children mcasure the same objcct using different
instruments of measure; such as. 6 inch ruler. 12
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inch ruler, yard stick, or stecl tape; tablespoon.
cup, or pint measure.

Recording and comparing resulis when several
children measure the same objcct using the same
measuring instrument.

Comparing the amount of liquid in a glass measur-
ing cup when the scale is read at eye level and
below eye level.

Discussing such possible reasons for variations as:
angle from which measurement is read, thickness
of pencil mark, thickness of niark on instrument,
dust or dampness on scales, human manipula-
tion of the instrumeat.

Precision: Length and width of sheets of paper, desk
tops, or any flat surface may be measured using rulers

marked in 1 inch, l, l, l, and 1 inch units. If results
4 8 6

ate recorded 11 a chart simn.: 0 the one below, it
can be seen that precision of a measurement is deter-
mined by the unit of measure used and that as the size
of the unit decreases the measurement approaches
closer and closer the 2 ;ual measure.

Size of Unit Length of Object

Tinch 10 inches
—]-inch 9l inche

2 2 enes

1 inch 92 inches

4 4

1 inch 9§ inches

8 8
TIE fnch 9% inches

Types of Measurement: The importance of a collec-
tion of measuring devices readily available in each
classroom cannot be over emphasized. It is through
much contact with such devices that children acquire
intvitive knowledge of the difference between pound
and ounce, pint and quart for liquid and dry meas-
ute, quart and liter, square inch and cudic inch, and
of the type of instrument appropriate for measuring
each given substance.

Knowledge of less familiar types of m - rement

O
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may be gained by keeping a record of typas encountercd
in com ersations, stories, newspaper articles, radio and
television ads. or Jabels on packages. Types peculiar
to special trades, industries, or occupations may be
especially interesting. For example:

Unit of Measure Trade or Occupation

fathom maritime

knot maritime

ream paper

quire paper

hogshead tobacco, molasses
dram drug

cord wood

hand hotses

carat gold, jewels

chain SULVeyors

The Metric System

It is important to develop understanding that the
metric system of mecasurement is the most used in the
world today and is based on powers of ten. Its basic

- units are meter, gram, and liter. Blank charts similar

to those used in developing understanding of place
value and decimals may be made in the form of trans-
parencies or wall charts. Units may be written in, and
appropriate prefixes and numerical values added, as
relationships are discussed.

Prchiv ‘ni Prefix /

As a part of the study of the history of measurement
children may be interested in learning of the develop-
ment of the metric system and the derivation of pee-
fixes used.
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The English System

Although the English systern is the one most familiar
to children in the United States, it may be nccessary to
emphasize the point that its units of mcasure were
chosen arbitrarilv over periods of time and arc not
related to a padern as in the metric system. Charts
sintilar to the one given on page 129 may be developed
as units in the English system arc used.

Relationship of Metric Units o English Units: Since
cxcessive computation in converting from Epglish to
metric system or from metric to English may (end to
obscure understanding of the approximate physical
relationship, physical models should be used in the
develepment of the ideas.

A yard stick may be measured against a meter stick
to discover that a meter is a Jittle more than a yard.

Liquid may be measurcd by using y..ut and liter
measures to demonstrate that a liter is a litt'e more
than a quart.

Two paralle! line scgments of the same lzngth may
be marked. one in inches. the other in centimeters to

. . 1 .
show that onc inch is cqual to about 2»_,~ or 2.5 centi-

mcters.

Some packaged food products, particularly those
prepared abroad, are marked in metric units,. Com-
parison may be made with similar products marked in
the English system.

Converting From One Unit to Another: Two ap-
proaches for converting from onc unit to another arc
described on page 130. Since understanding of cither
approach dcpends to a great degree on experience and
common scnse, many opportunities for the manipula-
tion of concrete materials should be provided. Four
one-foot ruicrs may be placed ¢nd to end and ways cf
determining the number of inches represeated in the
four fcct discussed:

Inches may be counted. 48

Repeated addition may be uscd,
124+ 12412412 =48

Multiplication may be used, 12 X A = 48

When the relationship is understood, children should
be able to generalize that multiplication is used in
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conveiting trom a larger unit to a smaller. It makes
sense that there will be a larger number of small picees
(inches) than large picces (fcet) in a given guantity.

Counters and egg cartons may be used to develop
understanding of proccdure for convertin g from small
units to larger units. Sixty counters may be dropped
into compartments of the cartons and ways to deter-
mine the number of dozen of counters discussed:

The full cartons may be counted, S

Repeated subtraction may be uscd.

60 — 12 = 48 I carton
48 - 12 =36 2 cartons
36—-12=24 3 cartons
24 —12=12 4 cartons
12-12=0 5 cartons

Division may be used, 60 + 12 = 5

As this relationship is understood, children may
generalize that division is uscd in converting from
small units to large units. It is scnsible that the num-
ber of larec units (dozens) should be less than the
number of smaller units (oncs).

When manipulation of concrete objects has cstab-
lished understanding of the process, relationships may
be expressed as ratios, and a proportion uscd to find the
missing term in the samc manner as for cquivalent
fractions. page 55. For cxample:

1 foot = 12 inches; -I—IE or 1:12

4 feet = ] inches; g}- or 4:[]
hcncc—l—. 4 (=4 %X 12=48
12 1]

12 units = 1 dozen; % or 12:1

60 units = [J dozcen; % or 60:[]

hence -1—2 = EQ_

1 a 12

{‘9:5

If ideas involved in converting from onc unit to an-
other arc understood, there should be little need for
manipulation of concretc materials in devcloping al-
gorithms for operations on numbers used in measuring.
Opportunity to experiment with examples like the fol-
lowing may be provided instead:

2183
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ADDIT)ON:

11b. 12 oz.
+21b. 5oz

31b. 170z = (3+ 1) Ib. 1 0z.
= 41b. 1 oz.

SUBTRACTION:

4 hr. 30 min. : 3 hr. (60 4+ 30} min,
:_lv_lg.“40 min, = [ hr. 40 min.

MULTIPLICATION:

8yd. 4ft
¥ 4
32yd 166t = (324 5) yd. 1 1.
=37yd. 1t
DIVISION:
1 yr. 7 mo.
4)6 yr. 4 mo.
4yr.
2yr. 4 mo. = 28 mo.
28 mo.

Estimation of Measurement

Intuitive understanding of measures may be de-
veloped through practice in cstimating length, weight,
height, or temperature, then measuring to check esli-
mates. Children may step off distances, then measure
length of each stride to form a basis for estimating
distance, They may use their own height and weight
as basis for estimating height and weight of others.
Objects weighing nne ounce, 8 ounces, and one ponnd
may be handled to develop an intuitive idea for csti-
mating weight. Sets of objects may be used to develop
skill in estimating the number of discrete objects:
number of seats in auditorium, nuraber of students in
the cafeteria, number of windows in a building, number
of beans in a pound.

Perimeter

Understanding of perimeter as distance along a
simple closed curve may be devcloped by providing

O
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Regrouping (17 oz. = 1 Ib. | oz.)

= 3 hr, 90 min.
=1 hr. 40 min.

2 hr. 50 min.

(4 hr. == 3 hr. 60 min.)

Regrouping (16 ft. = 5§ yd. | ft.}

Regroaping (2 yr. = 24 mo.)

opportunity for children to walk completely around
many kinds of simple closcd paths {painted lincs on
tennis, basketball, or shufficboard courts) counting
steps as they go. Perimeter thus becomes associated
with distance to be measured.

The derivation of the word perimeter from Greek
words for “around” and "mcasurc™ may be used to
strengthen ideas of perimeter.

Polygon: As simple closed paths are classified by
shapes, polygons may be constructed from paper,
strips of cardboard, pipe clcaners, string on pegboard,
bent coat hangers, or other materials. As the perimeter
of each type is measurcd, simplc formulac may b.
writlen and recorded in chart form. For example:

1cgular hexagon—

P=s+s+s+s+s+s
P=63s
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rectangle or parallelogram—

P=a+b+a+b

P=2a-+2t
P=2(a+b)
triangles—
P=s+s+s or
P=a+a+b or
P=a+b+c¢

Circle: The perimeter of a circle is designated by a
special name, circumference, which may be measured
by using another mecasurement, the diameter. The
relationship of these two measurements may be demon-
strated by using string and a cardboard model of a
circle. A detailed description of the manner in which
this is done can be found in Measurement, page 132.

This procedure may be repeated using many circles
of different size, demonstiating that in each instance the
circumference is approximately three times the length
of the diameter. When children become familiar with
operations on decimal fractions, a more precise quo-
tient, 3.14+ designated by the term pi or the Greek
letter =, may be derived.

Since the circumference is approximately thre¢ times
the length of the diameter, a formula for finding the
circumference of any citcle may then be developed by
using the diameter, C ~ 3,14+ X D or C = = X D.
Again, effort should not be made to have children
memorize the formula but rather to be able to demon-
strate a means of determining the circumference of any
circle if its diameter cap be measured.

Area

Understanding of area may he devcloped through
activities that apply unit cegious of various sizes and
shapes to flat surfaces. Desk tops or other rectangular
regions may be covered with sheete of paper, rectangu-
lar unit regions, without ovetlapping. As the activity
is extended to include triangular regions to be meas-
ured, it will become evident that triangular shaped
units are tore appropriate for coviring these regions
without overlapping. : g

Discussion of situations like the following may help
in development of understanding of the relationship of
perimeter ard area:

1. John's father is building a fence around the
yard. Must he know the area or perimeter of
the yard?
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2. Betsy’s father is covering the tomato patch with
mulch paper. Must he know the arca or
perimeter of the patch?

3. Jack is painting the dog house. Must he know
the arca or perimcter before buying paint?

1. AREA OF POLYGONS

To develop generalizations or formulac for finding
areas of various polygons such activities as the follow-
ing may be used:

Rectangular regions:

a. Applying unit regions to various sized reclangu-
lar regions and recording the process by listing
the number of units per row, the number of
rows of units and the total number of units used.

b. Counting in a given arca of {loor space the num-
ber of tiles in a row, the number of rows of
tiles and the total number of tiles used.

c. Constructing a revealer as illustrated below to
show row by row the measuriilg process.

As the tab is pulled, a row of wnit r2gions appears
10 illustrate | row of 5 units. As the action is con-
tinued, successive rows as marked along the horizontal
dimension of the region being measured are reached.
1 cow of 5 units (1 X 5), 2 rows of 5 units (2 X 5)

. until the total region is covercd, 6 rows of $ units
(6 X 5) or 30 units of mcasure.

d. Discussing the process as used in measusing
rectangular spaces and sfating the generaliza-
tion that the measure of the area of a rec-
tangle = [ X wor A=b X h,

O
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Parallelogram region:
a. Making paper models of parallelogram regions.

b. Cuiting parallelogram and reconstructing figure
to form a rectangle as shown in illustration on
page 133.

c. Discussing the resulting figure and stating the
generalization that the measure of the area of
parallelogram is length times width. A = x w
orA=bXh,

Trapezoidal region.

a. Making models of two congruent trapezoidal
regions.

b. Suggesting that children arrange the two figures
to produce a third figure with which they are
familiar. (Secc illustration on page 134.)

- Discussing the resulting figures and stating the
gencralization that the arca of a trapezoidal
region is equal to onc half of the sum of the
measure of the two bases times the measure of

the height. A = % (by + by) X h.

Triangular region:

a. Making models of two congruent triangular
regions.

b. Suggesting that children arrange these to form a
familiar figure. (See illustration on page 134.)

¢. Discussing the resulting figures and stating the
generalization that the arca of a triangular rc-
gion is ecqual to onc half of the arca of a

parallclogram region. A = -21« b X h,

Circular region;

a. Making models of a circclar region and of a
square with side measures twice the length of
the radius of the circle; applying circle to square
as in diagram on page 134 to illustrate the re-
lationship and to develop the generalization
that the area of the citcle is slightly less than
the area of the square,

. Making model of a circular region:
(1) Cutting it simifar 1o jllustration on page 135

(2) Fitting scctions together to form an ap-
proximation of a parallelogram region

(3) Repeating the process in 2 above using

circles with radii of the same measure, but
cut into smaller and smaller sections

(4)

Discussing that the smaller the size of the
section, the closer the approximation to
the size of a parallelogram which has a
bace approximately onc half the circum-
ference of the circle and height equal
to the measurement of the radius of the
ciecle.

c. Stating the gencralization that the area of a
. . - 1 .
circle is equal to the radius times 2 the circum-
ference. The circumference is equal to 2ar.
1
A= 3 (221} Xr

A=arXr

A =12

2. AREA OF CLOSED SURFACES

To develop formulae for finding the areas of closed
surfaces, such activities as the following may be used:

Prism:

a. Opening corner scams of a large cardboard
carton and spreading it flat as in illustration.

b. Measuring dimensions of each section of the box

¢. Computing the arca of cach plane surface and
developing a formula.

Arcaof A =Ixw
Arecaof B=IxXw
Arcaof C=hx!
Arcaof D=h x
Arcaof E=hxw
Arcaof F=hxw

A
C
E

Tow

156,
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Total surface area= A+ B+C+D+E+F

=2UxXxw)+2(hxXI}F2thXw)or

=2B+hx2(0+w)or

2B + (h X p) where B = area of the bases and

p = perimeter of the base.

Pyramid: Drawing flattened models of a regular pyra-
mid with a square base as illustrated to the right and
proceeding as for rectangular prism to develop formulae
for finding the area of the closed surface.

Atcaof A=sX s=3s?

AreaofB=-;-(sXh)
AreaofC=-;—(sxh)
AreaofD=12(sxh)
AreaofE=12 (s ¥ h)

Area of closed surface of regular pyramid =
B + Zl (h X p} where B = area of base and

p = perimeter of base.

Cylinder:

-h
3
a. Fitting paper around a can or circular box and

cutting circles to match ends of cylinder

b. Spreading paper and meaturing length ard
width of rectang’e and radius of circles

c. Compuling area cf plane surfaces and develop-
ing formula,
ArcaofR=¢ X h
Areaof A== X 12 A=B

Arcaof B = » X 12

O

151

167

Total surfyiccarca= R+ A+ B
= (¢ X h} + 2 (=12) whzre
¢ = circumference of base of
cylinder

Yolume

Understanding of volume may be developed through
activities that fit unit space regions into space regions
of various sizes and shapes. Blocks may be fitted into
a box. or emply spaols into a paper tube of the same
diameter.

If spools are fitted into a rectangular box. it should
become evident that space regions of appropriat: na-
turc must be uscd for accurate measurement. As under-
standing of volume as measure of intcrior space is
cstablished. the need for use of standard units should
also be clear.

Discussion of such sitations as the following may aid
in further clarification of understanding of volum.:

1. Tom is ordering sand for his little sister’s sand
box. Must h2 know volume. perimeter, or area?
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2.1n cstimating water needed to fill the aquarium,
must the class know perimeter, volume, or arca?

3. In cstimating thc amount of water in the water
tank, must the city cngincer know volume.
perireeter, or surface urea?

Rectangular prism. As the nature of units needed
lo measure volumc of rectangular prisms is discussed,
cubes of different sizes may be examined and dimen-
sions for standard units discussed. 1 inch and 12 inch
cubes may be constructed from heavy cardboard.

The bottom of a rectangular pastcboard box may be
covered with unit regions to make a layer to cover the
area of the basc, and other layers added until the box
is filled. 1f the box is slit along the cdges of one side
as shown in the illustration, the Jayers can be revealed.
It can be scen that the volume of the rectangular box
or prismt is equal to the arca of the bottom laver times
thc number of layers or

Volume of prism = (! X w) X hor
=B X h where B =
arca of asc.

Regular pyramid: When procedure for finding the
volume of a prism is understood, the jdea may be used
to deteriine the volume of a pyramid. Construction

O
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iltustrated on page 137 may be used to develop under-
standing of the relationship of prism and pyramid with
bascs of the same measure. Models of prism and pyra-
mids may be constructed. [t can be demonstrated that
the model of the pyramid filled three times will fill
the prism. It should be cvident that the volume of a
pyramid is cqual to one third of the volume of a prism
with base and altitude of the same measures or

Volume of a regular pyramid = % B < h where

B represents the area of the base.

Right circular cyiinder: By adapting ideas used in
finding the volume of rectangular prisms, children
should be able to visualize the volume of a cylinder.
Since the base is a circular region, the volume of the
cylinder will be equal to the area of a circle times the
measurement of the height of the cylinder. V = 712 X h

Right circtlar cone: When procedure for finding the
volume of a cylinder is unczrstood, the idea may be
used to determine the volume of a conc by:

a. Constructing a conc as illustrated on page 124

b. Constructing a cylinder with the height and
diameter of the cone

c. Using the cone to fill the cylinder.

It will be apparent that the volume of a cone is one

third the volume of the cylinder. V = —;—wﬂ X h
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PROBLEM SOLVING

As stated in the "Paint of View,” praoblem solving is
as much an approach to teaching application of mathe-
matical content as it is the process of finding answers
to word or verbal problems. However, the solution of
word problems remains as a major goal at each grade
level of elementary mathematics. Solving word prob-
lems with applications to science and other subject
fields is of increasing importance. This makes it im-
perative that careful and systcmatic attention be given
to problems in the mathematics program.

Because pioblem solving is an important goal and
because teachers often encounter difficulty in teaching
verbal problems. a special section of this guide is
provided.

The essence of sclving word problems may be
summarized as foliows:

A. The words of verbal problems suggest some kind
of action—either physical movement or an
imagined operation.

B. A mathematical model is set up to fit this action
or imagined opcration. It is at this stage that
the decision is made on the mathematics needed
to fit the problem.

C. The mathematical problem is solved.

D. The mathematical solution is then interpreted
back into the problem situation described by the
words.

Example: At the cquator, the distance around *he
earth is about 25,000 miles. About how many miles
would you travsl il ;ou went arocnd the carth twice
along the equator?

A. The action described is “travel twice around
the equator.”

B. The leatner begins to search his repertoire of
mathematical models. He may think: “Around
once; around twice; 25,000 miles each time™ He
has chosen an addition model that fits the words,

The learner might think: *Around once; around
twice; two times ! went 25,000 miles.”” He may
write: 2 X 25,000 = n. He has chosen a multi-
plication model that fits the word description.

C. Solving the mathesnatical problem:
25,000 + 25,000 =n 2%25000=nqn
50,600 =n 50,000 =n
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D. The solution to the mathematical model is
50,000. Interpreting this back into the physical
situation is shown by the sentence: 1 would travel
about 50,000 miles if 1 went around the earth
twice along the equator.

Hlustrated helow are some practical suggestions that
teachers have found helpful. Most of these suggestions
are designed to help with aspects of problem solving
described in A or B above.

1. Children may make problems to fit a given num-
ber sentence. This can help thein to see the widc
variety of situations that give rise to a single
mathematical model and it insures problems that
relate to life experiences of the children involved.

Example: 5 + 3 = [J may become a number
story about boys and girls at a party, apples and
pears in a fruit bowl, or kittens and puppies at a
pet show.

2. Diagrams may be drawn to assist in formulation
of the mathematical model.

X X X
J X X X
X X X

X X X
X X X

L— ]

P
:_'
P
L )

Example: There are 28 pupils in the third grade.
In the room there are 3 talles for 6 children cach
and 2 tables for 4 children each. Are more tables
necded to give each pupil a space at a table?

6+6+6+4+4=26

(3xX6)+(274) <28
is nceded to seat 2 children.

Yes, ! more table

3. The problem may be¢ dramatized to help pupils
to visualize the action of the problem.

4. Children may dictate or write their own prob-
lems, write appropriate number sentences, and
t.en solve the sentences. This assures problems
+hat are understood and within the difficulty level,
both ‘anguage and mathematics, of each student.

5. Teachers may make problems involving situa-
tions of cutrent interest to the class.
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6. Information givvn in the problem may be sum-

marized o emphasize the action suggested.

Example: Helen and Clara are stacking progranis
for the class play into seis of 20. If they have 180
programs, how many stacks should they have?

As possible summaries children may either
a. Draw pictures of the action

b. Put 180 counters into sets of 20

¢. Ask themselves questions:

180 programs make what number of stacks
of 20?7

How many stacks of 20 are needed to make
1807

Frora the summary, a mathematical model is
easier to formulate into a number sentence:

13V =[] X 20
] X 20 = 180
180 + 20 = ]

Finding the number that will niake the equation
true will provide solution to the problem.

. The problem may be read, an estimation of the
answer made, and the problem retead to check
the reasonableness of the answer. Such activity
helps in the formulation of the mathematical
model to be used.

Example: If Jack's father travels an average of
50 miles each hour on a trip, how many hours
does it take him to drive 375 miles? Estimates
might be made by thinking:

100 miles —2 hours; 300 miles—6 hours

375 miles almost 8 hours

When the problem is reread and the estimation
inserted, rcasonableness may be discussed and
checked by children’s experiences with travel.

. Problems containing information not necessary to
the solution may be used to help childeen identify
the true prodlem situation.

Example: —;— of the 150 pieces of mail delivered
by the postman in one city block were first class
mail and —; were second class. How many pieces

of second class mail were delivered?
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If problems dealing with large numbers, fractions,
or decimals present difficultics, they may be ap-
proached by:

a. Substituting small whole numbers for numbers
in the problem

b. Reading and solving thc problem using the
whole numbers

c. Discussing the mathematical mode] used

d. Using the same operation with the original
numbers.

Example: The class had 15% doz:e cookies for

a bake sale. If l—;— dozen were left at the end of
the sale, how many were sold?

a. The class had 15 dozen cookies for a bake
sale. If 1 dozen were left at the end of the
sale, how many were sold?

b. Think: 15— 1=nporl+n=15

¢. Solve:

d. Think: 152 =11 = nor1t +n=152
32 2 3

. Several number sentences related to a given prob-

lem may be written, children asked to select those
which may be used in the solution of the problem,
and appropriateness of selections discussed.

Example: Jack earned 45¢ each time he cleared
snow from the front walk. If he shoveled snow
four times in January. how much did he earn that
month?

a, 45+ 454+ 45+ 45=n

b. 45 x n=4
c. n=45X 4
d.45+4=n

Number sentences may be written fcr problems
without attempting to solve them ir order (o
focus attention on developing a mathzmatical
model that fits the problem.

Example: The grocer charges 70¢ a dozen for
large cggs and 60¢ a dozen for small eggs. How
much does he get for 1 dozen large eggs and 3
dozen small eggs?

Physical models may be drawn, then mathematical
models stated:
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70+ (3 x 50) = n
(3x60)+70=n
12. Problem situations described without using num-

bers may be used to focus attention on mathe-
matical operations to be used.

Example: If each member of 2 class contributes
the same amount to a fund for a class party, how
much money will there be to spend?

Questions similar to the following may be asked
to guide thinking:

a. What do you know from reading the problem?
. What are you asked to find?

c. Can you write a sentence that tells what can
be done to find the answer? (Number of
people multiplied by amount of money given
by each person is the amount of money to
spend.)

d. If you insert numbers in the story, is the an-
swer reasonable? (25 is the number of pupils

Recipe for 2 dozen
cup cakes

1 ¢ butter
sugar
4 cggs

1 ¢ milk
3c

flour

baking powder

t salt

(S I

2t flavoring

O
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who contributed; 20¢ is the amount contrib-
uted by each pupil; n or [7] is the amount of
money for the party.

25X 20=n

500=n  There will be 500 cents or

$5.69 0 spend.)

As a means of introducing new mathematical topics,
a practical problem 1may be presented for which stu-
dents do not have an cppropriate mathematical model
or for which they may need a mcre efficient model.
Such problenss provide motivation for learning the topic
and may give the learner a sense of reatism in the study
of the topic.

For example: As one way to introduce ratio and pro-
portion, the problem of increasing the number of cup
cakes produced by a recipe may be presented. If the
recipe makes 2 dozen and 6 dozen are nceded for a
party, the relationiship involved is 6 to 2 or a ratio of
—?. The recipe may e increased in the following
manner:

Proportion for 6 dozen

cup cakes
Z = .2 =3¢ butter
1 O
E =5 =6c sugar
2 d
2 6
= = — == §2
4 0 cees
2.6 =3¢ mik
10
2_6 =9c flour
1 O
22 = % =61t baking powder
2 _ 6 |
T,-_[_j —12( salt
2
2.5 =61t flavoring
2 0

161



Practical problems may be interwoven with mathe-
matical topics being studied, particularly when the
mathematical top;c loses a sense of reality.

For example: During the study of percent the fed-
eral government announces an increase in the interest
rate on Type E savings bonds. This may be used not
only to give reality to computation of interest but can
lead to greater understanding of applicaticn of per

cent in life beyond the classroom. There should be
continuing interplay between mathematics studicd and
verbal or practical problems

Certain actions occur often in practical problems.
That actions relate to the four operations on nurnbers
is not accidental. Summarized below are actions that
lead to the formulation of given operations with whole
numbers.

Action Pro ‘em Mathematic~l Model
Joining or combining two sets with  How many in the resulting se1? Addition:
numbers of each known 5+ 17=n
Separaiing a set into two subsets How many in the other subse(? Subtraction:
with nurabers of original set and 17-5=n or
one subset known S+n=17

Comparing one set with another How many more in one set than in  Subtraction:
with numbers of each known the other? How many fewer in one 17-5=n or
set than the other?

5+4n=17

Joining equivalent sets with the Hew many in the resulting set? Multiplication:

number of sets and the members of
each sct known

5X17=n or

Addition:
17+17+17+17+17=n

Separating a set into equivalent sub- How many scts? Division:

sets with the number of the original 35+5=n 7erd

set and of each subset known r - =35 remainder
How many sets and how many le{t 35=nX5 or non-zern
over? 37=(nX5)+r remainder

Separating a set into equivalent sub-  How many in each set? 35+5=n zero

sets with the number of the original 5Xn=35 remainder

set aod the number of subsets How many in each set and how 35=5%n non-zero

known many left over?

Pupiis must learn that to sead word problems in
mathematics demands reading skill that differs from
that used in other subject areas. Problems must be
read carefully several times, each time for a different
reason. They must be read to;

1. Get overview of the problem situation.
- Garner necessary facts.

Determine mathematical model.

a8 W

. Check the reasonableness of the solution of the
model.

5. Interpret the solution in words of the problem.
Children must realize that each problem is different
and that since no set pattern can be developed for

O
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38:=(5Xn) +r remainder

solving all v'ard problems, each raust be carefully read.

The assignment of pages of word problems f~r pupils
to do on their own is certain . produce failurc for
many. Alone they are unable to (ormulate the mathe-
matical model, the crucial step in problens solving.
Many pupils proceed by trial and crror using cach
operation until they get a number that “Jooks abeut
right.” When this happens, little has been achieved
with the major goal of problem solving and a negativce
attitude is often acquired. Pupils who are successful
usually have experienced a carefully planned, scquen-
tially developc § program of instruction that matchzd
individual understanding with appropriate applicaticn.
It is generally recognized that it is better for a pupil
to do fewer problens successfully than to attempt
many and solve few.
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STATEMENT OF OBJECTIVES

INTRODUCTION

The Statement of Objectives outlines mathematical
knowledge and skills tu be emphasized during the first
cight years, grades K-7, of the clemientary school. This
Stateinent was designed as a guide in planning for
sequential development of basic mathematical ideas.
Objectives should assist teachers:

In assessing competencies which each pupil brings
to a given grade

In planning experiences nceded for further growth
in mathematical understanding and skill

In developing understanding of more advanced
mathematics which children will encounter.

Effort has been made to express objectives in terms of
what children might be able to do after a year's ex-
perience in a given grade. The Statement is not in-
tended to provide a set of n-nimum cssentials for a
child at any grade level.

Grade placement of content as outlined is sug-
gestive, Objectives may need to be restated in terms of
saditions existing in irdividual schools. SBpecial at-
tention should be given to objectives for primary grades
in schools where kindergarten is not a part of the
system. Grade placement of content must be inter-
preted and used by every teacher in light of what in-
dividua! children know and are able 'o do at a given
time.

A characteristic of the study of mathematics is the
spiraling of concepis frum grade to grade over a period
of years. For example, multiplication begins ir. the first
grade with the manipulation of equivelent scts of con-
ctete objects, continues through the set of whole num-
bers and expands to include the set of fractional
numbers and the set of rational numbers,

157

Organization of the Guide was determined by the
belief that certain broad basic ideas unify mathe-
matical content. Six major strands—Sets and Num-
bers, Numeration, Operations on Whole Numbers,
Rational Numbers, Geometry, and Mecasurement—liave
been selected as having greatest significance in mathe-
matics for the elementary school. Effort has been made
io stale objectives in a way that suggests interrclated-
ness of these ideas in a spiraling development of con-
tent.

Because mathematical ideas presented in the six
strands are closely interrelated, it is pussible that an
idea may develop spirally through more than one
strand. For example, nianipulation of concrete and
semi-conctete miaterials basic to understanding opera-
lions on whole numbers, may appear in objectives ‘or
Sets and Numbers and Numeration. This should be
kept in mind as this section of the Guide is used.

Th: mearer in which mathematical ideas are intro-
duce] and developed in the Guide should be carcfully
noted. Understanding which children may have gained
in pse-school years is used in expanding ideas of num-
ber and space. Work with concrete and semi-concrete
materials devilops these ideas in greater depth before
symbols are used, gencralizations stated, or operatiors
with numbers forn.alized.,

Mathematical content must be organized and pre-
sented in a sequence which enables each child to
develop understanding of basic ideas. Each teacher
must be knowledgeable concerning content presented
at all levels in order to insure maintenance of skiils and
understanding and to plan next steps in learning. No
gaps may be allowed in gradual build up and expansion
if the schoo! is to provide a complete program for
rach child.
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OBJECTIVES

KINDERGARTE™N

Sets and Numbers

Identify two equivalent sets by placing the members
of the sets in one-to-one correspondence.

Recognize the common property of all sets as
number.

Name the number of members in scts with 1-9 mem-
bers by counting.

Select 1-9 objects from a given set using oral words
and written numerals.

Compare sets of objects using such terms as more
than, as many as, fewer than.

Numeration

Recognize and name the symbols 1 through 9.

O

\

FIRST GRADE

Recognize that the equality symbol meuns that the
same number is named on cither side of the symbol.

Use 0 as the cardinal number of the cmpty sel.
Ord. r sets of objects with numbers to ten.
Order numbers using concept of “one 'nore than.” and

"ong¢ Icss than,” and “equal to.”

Recognize and use number words for ordinals through
five. (number five and fifth)

Count to 100 by oncs and tens, 1o 20 by twos, to 50
by fives.

Recognize and use number words through 10.

noong

Compare two numbers using “is greate. than,” “is
less than,” or “is equal 0™ and use symbols *>.”
‘(<'ll or (l:‘77

Recognize and demonstrate one half and one fourth of
a set of objects.

Join two sets to make a third set; separale a given sot
into two sets.

Group scts of objects using the base of ten and name
the number as so many sets of ten and so many oncs.

Use place value not»tion for numbers through 99 10
show the number of tens and ones.

Read and write numerals O through 99.

Read and write numiber words to ten.

Recognize that a number has many names.
3=2+1=3+0=4-1)

ERIC 164
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SECOND GRADE

THIRD GRADE

Sefs and Numbers

Know odd and cven numbers.

Usc ordinal numbers through ten. (Number ten anid
tenth)

Count to 1000 by tens and hundreds.

Recognize and demonstrate one half, one fourth, one
third. using scts of objects.

Numeration

Read and write three-place numerals using place
value notation to show the number of hurdreds, tens.
and ones.

Count, read. and write numerals fron1 0 to 300,

Reau and write many names for numbers. Exaniple:
543=8,10-2=8;4+4=38.

159
ERIC

Use ordinal numbers beyond ten.

Use whole numbers to ten thousand.

Recognize and demonstrate one half, one fourth, three
fourths, one third, and two thirds, using sets of objects.

Read and write four-place numerals using place value,
expanded notation, and wcrd names.

Read and write decimal notations for moncy.

Read and write Roman numerals through X,
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KINDERGARTEN

FIRST GRADE

Opcrations on Whole Numbers

Rearrange scts of objects to demonstrate the join-
ing and ceparating of scts to develop a readiness for
addition and subtraction.

O

RIC
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Know and use addition and subtraction facts for sums
through 10,

Explore the facts with sumis through 18,

Recogni?e the commulative property of addition with-
out naming it.

Add using three addends with sums through (en.

Use intuitively ihe associative property of addition.
Use vertical and horizontal forms for addition,

Use the symbols +, —, and = to form number scn-
tences, Example: 3+ 6={7,6 -3=]

Explore addition of numbers named by two digits
without renaming.

Demonstrate with sets of objects the inverse relation-
ship between addition and subtraction.
4+2=6,6—-2=4,6—-4=2

Use multiplication and division intuitively without syir-
bolization with products to ten. '

Teo
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SECOND GRADE

THIRD GRADE

Operation on Vrhole Numbers

Know and use addition and subtraction facts with
sums through I8.

Recognize that subtraction is not commutative.

Recognize and use the associative property of addi-
tion without naming it. Example:
74(34+5)=(7+3)+5.

Add and subtract numbers named by two digits
without renaming.

Add numbers named by two digits. renaming as
necessary.

Use the inverse relationship of subtraction and addi-
tion to derive subtraction facts from the addition
facts.

Check subtraction by addition.

Use odd and even numbcis in developing and check-
ing addition and sub:raction.

Demonstrate multiptication through joining sets of

objects, repeated addition, and rectangular arrays.

Know and use multiplication facts with products
through ten.

Add and subtract numbers each named by two or three
digits without renaming,

Add numbers named by two and three digits with
renaming.

Subtract numbers each named with two or three digits
with renaming.

Use odd and even numbers in developing ideas of
multiplication and division and checking products and
quotients.

Know and use multiplication facts with one factor 0-6,
and the other factor 0-9. Explore facts with both
factors 7-9.

Use multiptication with one factor a number named by
one digit and the other factor a number named by
cither two digits or three digits.

167
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KINDERGARTEN

FIRST GRADE

Rational Numbers

Recognize that single unit objects can be split into
two equal pieces, and that each piece is called one
half of the object.

Recognize informally that sets of 2, 4, 6, and 8 ob-
jects can be sepzrated.into two cquivalent subsels
as readiness for understanding that each subwet is
one half of the original set.

O

RIC
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Recognize the number of 2's, 3's, 4's, and 5's in multi-
ples of these numbers to 10.

Use numbers with understancing in stories. games, and
related activities.

Recognize and demonstrate % and —3 of physical units

and of sets of objects.

. | .
Assign the number name 3 to each of two cqual sized

pieces of a physical unit and to each of two cquivalent
subrsets of a set of objects.

. 168



SECOND GRADE

THIRD GRADE

Recognize that multiplication is commutative.

Demonstrate division through partitioning sets of
objects, repeated subtraction. and rectangular arrays.

Apply addition and subtraction to problems involving
money using cents only.

Rational Numbers

15. %. and % of a physi-
cal unit, a set of objects, a region, and a line seg-
ment.

Recognize and demonstrate

Find one half of each even number from 2 through
10.

ERIC
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Know and us: the prof:rties of zero and one in mul i-
plication.

Recognize the role of the distribi tive property of
multiplication: ¢ver addition and its relationship to the
algorithm. Example:

IXR24+HD=3>»2)+3X4)=6+12=13

4%23=4x (20 3)=(4x20) + (4 %3) =
80 + 12 =92

23 23
X 4 X 4
12 92

80
92

Recognize inverse relationship of multiplication ard
division through use of multiplication lacts.

Recognize that division is not commutative.
Use long division algcrithm with divisor a number
named by one digit (1-6¢) with and without remainders.

Apply addition ard subtraction to problems involvirg
money, including dollars and cents.

Recognize the oider relationship (greater than, lets
than) for fractions of eighths, sixths, fifths, fourth;,
thirds, and halves,

Recognize that there is a point on the number line fcr
every fractional number.

Recognize that there ate many fractions that namce the
same fractional numbei.

Rccognize the inverse telationship of addition and sut-
tra- "~n of fractional nimnbers.

Find one half of each ¢ven number from 2 through 20,

Rccognize that a frac:iion names an ordered pair of
numbers, as well as a fractional number.

163
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KINDERGARTEN

FIRST GRADE

Geometry

Recognize and name squares, rectangles, circles, and
triangles,

Relate termis inside, outside, and on as they apply
to squares, rectangles, circles. and triangles.

Recognize physical models and drawings of points,
line segments, and portions of a plane (flat surface).

Identify obiects shaped like a ball, box, or can,

Measurement

Compare objects tiwough use of such words s
longer-shorter, heavier-lighter, higher-lower, larger-
smaller.

164

Recognize that squares, rectangles, triangles, and circles
are closed paths. Tell whether a given point is inside
outside, or on such a path.

Recognize some distinguishing features of circles, ree-
tangles, triangles, and squares. Use some related terms
such as round corner, square corner, paths that
curved, and paths that are straight.

ure

Recognize and name a linc with the understanding that
it means a straight path and that it extends indefinitely
in both dircctions.

Identify objects shaped like a ball. a box. a can, an cge.
a cone.

Use non-standard units of linear measure and liquid
measure, such as a pencil for length and paper cup for
liquid measure, to illustrate the necessity for star.dard
units.

170
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SECOND GRADE

THIRD GRADE

Geomelry

Distinguish between open and closed curves and
inside and outside of simple closed curves.

Recognize and use properties of simple geometric
figures such as square corners, vpposite sides, and
roundness.

Recognize and use the words: point, line scgment,
and linc to describe geometric ideas.

Recognize geometric figures and objects which have
the same size and shape.

Measurement

Recognize proper instruments for measuring different
things, such as tuler, clock, cup, calendar, and scales,
as readiness for selecting units of measure.

171
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Interpret simple ratio situations, such as 3 pencils for
10 cents. as an ordered pair or fraction.

Recognize basic propertees of triangles, rectangles,
squarcs, and circles without use of formal definitions.

Recognize that a rectangular sheet of paper can be
folded into two or morc parts of the same size and
shape.

Recognize a point as a focation in space as distinct
from its physical representation.
Recognize a tine as a set of points that continues on

indefinitely.

Recognize a line segmient as composed of the two end-
points and all the points between them,

Recognize that there is only one line through two
points.

Recognize that two different lines can intersect at only
onc point.

Recognize and name rays and angles.

Recognize symmetry with respect to a line by using
such activitics as simple paper folding.

Rec..gnize without formal terminology distinguishing
featurcs of spheres, rectangular prisms (boxes). and
cylinders.

Recognize the necessity for standard units of measure.

Recognize that the measure of a line segmant is the
number obtained by comparing the line segment to a
seiicted unit line segment.

U
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FIRST GRADE

Identify pennies, nickels. and dimes.

»". Q
ERIC
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Detcrmine length of line scgments to the ncarest inch
using a ruler marked only in inches.

Explore liquid measures using cuns, pints. and quarls.

Read and use a calendar for days and wecks.

Tell time to the nearest half-hour.

Recognize the compatative values of pennics. nickels,
and dintes and use them in making change.

Recognize that there is a point on a line for cach whole
numbcr,

172
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SECOND GRADE

TIHRD GRADE

Use a ruler marked in half-inch, inch. and foot units
to measure line segments.

Mecasure liquids by cups, pints, quarts, and gallons.
Recad and use a calendoar for days, weeks, and
mont!c

Tell time to the ncarest quarter-hour.

Measure weight in pounds.

Make change up to a quarter.

Use standard units: inches, teet, and yards in measur-
ing linc scgments; cups, pints, quarts, and gallons in
measuring liquid-.

Use year as measure of timne.

Tell time to the ncarcst minute and use notation such
as 3:15 P.M.

Usc ounces to measure weight.

Measure temperature on the Fahrenheit scale to ncarest
degree.

Find the perimeter of triangles and rectangles by add-
ing the measures of the sides.

Recopnize that a2 mecasurcment of physical objects is
always an approximate number,

Make change up to $1.00.
Read and interpret simple information given in tables.

Recognize that there is a point on a tine for cach frac-
tional number.

173
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OBJECTIVES

FOURTH GRADE

FIFTH GRADE

Sets and Numbers

Recognize and usc sets of numbers, including count-
ing numbers, wholc numbers. cven numbers. and odd
numbers.

Recognize scts of fractionzl numbers and equivalent
fractional numbers.

Numeration

Read and write seven place numerals as needed.

Use Roman numerals through one hundred with
emphasis on base of ten and the use of a sublractive
principle in a numeration system. Examples: Ten
ones make ore X, ten tens make one C, ten hun-

168

Identify the set of prime numbers 2, 3, 5, 7, 11

PR

Find the prime factors of counting numbers
through 100.

Identify the set of composite numbers 4, 6,8 9. 10,
12, ...

Determine the least common multiple of two counting
numbers by listing the maltiples of the two numbers
and by prime factorization,

Determine the greatest common factor of the counting
numbers by listing factors of both numbers and by

prime factorization.

Tdentify the set of fractional numbers.

Construct sets of cquivalent fractions.

Use sct notation of union and intersection,

Read and write decimals utilizing extensio:
value to two places to the right of the one's |

Use exponents 2, 3, or 4, Example: if
33 =27; 4000 =4 x 1000
=4 X 10x]10x10
=4 x 103

Read and wrice Roman numerals.
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SIXTII GRADE SEVENTH GRADE

Sets and Numbers

Use set of negative integers in practical situations Use the entire set of rativnal numbers.
such as naming temperatures above and below zero.

Recognize 1hat there are numbers called irrational num-
bers that ure rnot rational.

Use solution sets in equations and inequalities.

Use fractional numbers including decimal represen.

tatjon.
Use set terminology in referring to scts of points in
geometry, ‘
Numeration
Understand the role of place value in a numeration
system through the study of non-positional systems such
as the Egyptian.
Use expanded notation with exponents. Example: Express numbers by using scientific notations. Ex-
4526 == (4 X 103) + (5 X 10?) + (2 X 10%) + ample: The distance f{rom the catth to the sum,
(6 x 100) 93,000,000 miles, is 9.3 X 107 miles.
Represent fractional numbers by decimals and frac-
tions.
169
O
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FOURTH GRADE

FIFTH GRADE

dreds make one M, IV = one less than V and XL
= ten less than fifty.

Operations oy Whole Numbers

Add and subtract numbers named by four or more
digit numerals without rcn2ming.

Rename as necesrary when using numbers named
by four or more digits for addition and subtraction.

Add and subtract numbers applied to vari.us types
of measures without renaming.

Know and use multiplication facts with factors O
through 10.

Muliiply with one factor a number named by two
digits and «ne other factor a number named by
three digits.

Use the terms associative and commutative proper-
ties of addition and multiplication after understand.
ing the ideas.

Usz the term distributive property after under-
standing the idea.

Use division algorithm with divisors named by two
digits ending in 1, 2, 3, or 4 with and without re-
mainders.

Rational Numbers

Determine order relationship for fractional numbers.

Find an equivalent fraction for a given fraction
through use of models.

. ) 1
Recognize that fractions such as T % «..,are

ST

names for one.

Read and write numerals in a base other than 10.

Add and subtract numbers from measurement and
money, renaming as nccded.

Use multiplication with factors named by thice and
four digits.

Use division with divisor named by two digits.

Know and uce decimals lo thousand « .
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SIXTH GRADE

SEVENTH GRADE

Operations on ¥hole Numbers

Use simple addition and subtraction in bases other
than ten.

Multiply and divide with numbers from measure-
ment and money. rcnaming when needed.

Use division with divisors named by three digits.

Rations] Numbers

Recognize that there is a fractional number be-
tween every two fractional numbers on the numbel
line.

Demonstrate an undersianding of decimals as names
for certain fractional numbers.

. . . i
Know dccimal cquivalent for fra tions such as 3

ERIC »

Use simple multiplication in bases other than ten.

Use division with divisors named by four or more
digits.

Find square roots of numbers represented by two and
three-digit numerals.

Use order relations =, >, < with integers and rat’xnal
numbers.

Recognize the idea that the integers are not dense, bt

that rational numbers are dense.

Recognize the additive inverse property that every
fractional numbcr has an opposite.
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FOURTH GRADE

FIFTH GRADE

Add and subtract fractional numbers with same
denominator.

Find a fractional part of a set of objects.

Write mathematical sentences for finding a frac-
tional part of a set of objects.

Use diagrams to show that multiplying or dividing
the numerator ard denominator of a fraction by the
same number results in an equivalent fraction.

Find the product when the first factor is repre-
sented by a whole number and the second factor by
a fractional number. Use repeated addition.

Express the quotient of whole numbers as a fraction
or a mixed numeral.

Use ratios to represent situations such as 3 pencils
for 10 cents as —3-

10
Dctermine il two tatios are equivalent in same man-
ner as determining if two fractions are equivalent.

Find the missing tecm in two given cquivalent frac-
tions or ratios using common denominators.

O
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Add and subtract fractional numbers with unlike de-
nominators.

Add and subtract decimals to thousandths.

Recognize that subtraction is not commutative in the
set of fractional numbers.

Know and use the commutative and associative prop-
erties for addition in the sct of fractional numbers.

Multiply fractional numbers.

Know and use [ in the form Il' %, 3 ..., as the

3
identity element for multiptication of fractional num-

bers.

Know and use the commutative and associative prop-
erties for multiplication in the set of fractional numbers.

Know and use the distributive property of multiplica-
tion over addition on the set of fracticnal numbers.

Find the missing term in a proportion,
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SEVENTH GRADE

Add and subtract fractional numbers named by
decimals.

Recognize the inverse relationship of multiplication
and division of fractional numbers.

Recognize the reciprocal (multiplicative inverse) for
every fractional number except zero and use it in
division of fractional numbers.

Recognize that division is always possible in the set
of fractional numbers.

Divide using set of fractional numbers.

Multiply and divide decimal fractional numbers.
Determine by division whether any fractional num-
ber has a repeating or terminating decimal cquiva-

lent.

Interpret percent as a ralio in wkhich the second
number is always 100,

O
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Recognize that subtraction is always possible in the set
of integers.

Recognize that subtraction is always possible in the
set of rationa! numbers,

Recognize that all propertics of fractional numbers
also hold true for iational numbers.

Explore the four operations in the sct of integers and
the set of rational numbers.

Demonstrate understanding of fractions and decimals
that name the same fractional number.

Treat percentage probleirs as proportions in which
one of the equivalent ratios always has 100 as the
denominator.

(Y
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FOURTH GRADE

FIFTH GRADE

Geometry

Recognize that a quadrilateral roay have *wo pairs
of parallel sides, onc pair of parallel sides. or no
pairs of parallel sidcs.

Recogunize that the 3 sides of a triangle may have
the samc measure, 2 sides may have the same meas-
urc, or all three have different nicasurecs.

Recognize without formal definition that a planc
region is a closed path and the part of the plane
which is inside the closed path.

Know and usc the concept of a circle as the set of
all points in a plane that are the same distance from
a fixed point on the interior. Know relationship be-
tween the length of radius and diameter.

Construct a linc segment of the same length as a
given line segment by usc of compass ard straight-
edge.

Recognize and namce parallel lines as fincs in a planc
W do not intersect,

R ognize a ray as starting at a point of origin and
extending in onc dircction indefinitely.

Recognize an angle as a figure formed by two rays
having a common endpoint.

Know. use, and construct a right angic,

Use model of a right angle to construct perpendicu-
lar lines, right triangle. square, and rectangle.

O
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Recognize ard name quadiilaterals,

Construct an isosceles triangle and an cquilateral tri-
angle.

Construct the perpendicular bisector of a line segment,

Rccognize that 1 planc is determined by three points
not all on onc iinc.

Construct a circle given the radius.

Recognize the possibilities of the intersection of a linc
and a planc (onc point, no points—the c.npty sct, line
contained in thc plane).

Recognize parallel plancs as planes which do not in-
tecsect.

Recognize that when two plancs intcersect. the inter-
section is a linc,

Recognize that the intersection of a plane and a sphere
is a circle, in some cases a great circle, or a singic
point.

Know and usc symbols for line¢, linc segment, ray,
angle, parallel lines, perpendicular lines. and con-
gruence.
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SIXTH GRADE

SEVENTH GRADE

Geometry

Recognize pentagons, hexagons, oclagons.

Recognize an ellipsc.

Recognize that an arc of a circle is a part of the
circle.

Recognize the subset relationship between sets of
points, such as point to line. line lo plane, and
plane to space.

Recognize that there is a point between any two
points on a line.

Know and use geometric symbols in writing simple
mathematical sentences.

Construct the bisector of an angle.

O

Recognize that two polygors having the samc shape
are similar and that their corresponding sides are

proportional.

Use informal methods to establish deductively the
properties of geometric figures.

Construc! an angle of the same measure as 2 given

angle.

Constract parallel lincs.

175
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FOURTH GRADE

FIFTH GRADE

Interpret, informuly, space as the set of all points.

Recognize the chitracteristics of spheres, rectangular
prisms, and cylincers.

Measurement

Determine distance to the nearest quarter-inch and
recognize the mile as a unit of distance,

Recognize the dry
bushel.

measure of pint, quart, peck, and
Recognize the relutionships of standard units for
liquid measures.

Recognize the relationships of standard units for
measures,

dry
Recognize freezing and boiling points.

Recognize the second as a unit of time. Use decade
and century as measures of time.

Use ton to measure veeight,

Measure perimeter of quadrilatezals.

O
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Recognize the characteristics of pyramids and cones.
Recognize without formal definition that a solid region

is a closed surface and the part of space which s inside
the solid region.

Use the metric system of linear measure.

Measure distance 10 nearest eighth-inch.
Use odometer for measuring distances.

Use measures of teaspeon and tablespoon.

Use dry measures of pint, quart, peck, and bushel.

Recognize standa-d time zones.

Recognize that other standard units of measure are
used in special occupations.

Find the perimeter of a polygon by addition,

Use a formula to find the
and quadrilaterals.

perimeter of regular triangles

Approximate the relatio- ship between
fecence and diameter of a circle as 3.

the circum-

Recognize the degree as the standarg unit of measure
for angles.

Recognize that a right angle has the measure of 90°
Mecasure an angle by using 8 protractor,

Recognize degree as a unit of measure for an arc of
a circle,
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SIXTH GRADE

SOOI U GRS L R

SEVENTH GRADE

Measuccment

Recognize the light year as a unit of measure for
space distances.

Estimate measurements of objects using appropriate
units.

Find perimeters of regular polygons by formula.

Determine through paper folding or measurement
that the sum of the measures of the angles of a tri-
angle is 180°, a straight line.

O
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Recognize and use metric units of measure for weight
and volume.

Measure temperature using the Celsius scale (centi-
grade).

Demonstrate the Pyihagorean theorem by using models
of 3-4-5 and 5-12-13 right triangles.

Find the circum{erence of a circle by formuia.
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FOURTH GRADE

FIFTH GRADE

Measurement

Recognize that a plane region is measured by com-
paring the plane region to a selected unit plane
region to obtain a number.

Find area of plane region by covering the plane
region with chosen unit plane region.

Recognize that a point in a plane (first quadrant)
can be located by an ordered pair of numbers.

Read maps.

O
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Develop and use a formula to find the area of a rec-
tangular region.

Find surface areas of closed space regions.

Recognize informally the concept of precision.

Use ordered pairs of numbers to locate puints on a
plane (first quadrant).

Understand scale drawings.

Recognize Iatitude and longitude as a means of locat-
ing a point on the surface of a sphere, a globe,

Perform the four arithmetic operations using numbers
from measurements,
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SIXTH GRADE

SEVENTH GRADE

Measurement

Find the area of a circular region.

Recognize that a space region is measured by com-
paring the space region to a selected’ unit space re-
gion to obtain a number.

Find volumc of space region by filling the space
region.

Determine which of two given mcasures is more

precisc.

Find average (mcan).

Make scale drawings.

Use latitude and longitiide to locate a point on the
surface of sphere.

Compare arcas of polygons having perimeters of the
sume measure.

Approximate areas of irrcgular and curved plane re-
gions by use of a grid.

Find the volume of a rectangular prism by experiment
and by formula.

Recognize that measures may be determined by direct
and indirect measurement.

Recopnize that the greatest possible error of any

1 .
measure is 3 the unit used.

Find mcan, median and mode of a sct ot numbers.

Recognize that there is a point on a line for each
integer.

Recognize that there is a point on a line for cach
rational number.

Locate points in a plane by an ordered pair of num-
bers (all four quadraiis).
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SYMBOLS USED IN GUIDE

+ plus, add
— minus, subtract
X, * multiply

+, J divide

V' square root

= is exactly the same as, is equal to
is not exactly the same as, is not equal to
> s grealer than
< is less than
~ is simifar to

=~ is approximately the same as

R

is congruent to
. continued in this manner
& empty set, null set
U union
N intersection
( ) parentheses
{ ) braces

[ ] brackets

.16 bar, repeated digits

O
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x4

by

(a,b)

[~ R -}

lzllve

%

=
s

~

cxponent
subscript

ordered pair

fraction, indicated division

base five

per cent

positive five
negative five

line segment, chord
line

ray

angle

circle

is perpendicular to
is parallel to

arc

pi, 3.1415+

degree

inch, inches, second

foot, fcet, minute

: isto

180
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INDEX
Addend . . .30 Commutative property ... 31, 33,35, Equator ... 140
65, 81
Addition ... - 30 38,63 Error .. 127
chart . e 31, doae Esii
decimals ... .o B L right circular 114,138 &T:s'zremem 131
_fr?:ueornal numbers . 57, Zg Congruent 138 problem solving 154
integers .. o angle . .. 108 \
repeated . 3s line segment 108 Expanded notation . 32
whole numbers .. 30 & e
plane figure 108 Exponent R 22
. -
Algorism, a'gorithm 3 Consecutive . . . .57  Exterior 110,113
Altitude . - 133 Co:iversion . . 130 F 114, 135
ace )
A"$';‘ igg Coordinate, rectangular 139
:cgute ot Countin o Factor, greatest common 14
. - ounti SER .
obtuse . . 112 numbegrs n Factorization, prime .13
Approximate . . .. . 127 Cube . .. 136 Factors 35
Arc .. 110 Curve . . ... 104  Focus {foci) 11
Area 132 zil(r)nselde Closed 104, :(1)3 Fahrenheit 128
circle ... ... 134 P Fraction 53
closed surface 135 Cylinder complex 62
lateral I 136 right circutar 114, 136,137 equivateni ) 54
parallelogram ... ..o . §33 N
lygon e 133 Fractional numbers . . 52
po
rectangle .. ... 133 Data. ... . 142 negative e T2
::;‘:’:ng::d. e :g: Dercei;:zzlts' 8 [ ;i Frequency distribution 142-143
Associative properly .. .31,33,35, terminating ... ... . .74 F““".“;"e"l‘f" theorem of 3
arithmetic
38,65, 81 Denominator . ... ... 53
Average 143 Density ... s7  Geometry . ... - 102
Base Diameter ... 1p  Cram e 129
. ti-
numeration system 20 Digi cen
plane regions 133 [1-1) QRS 20 gec?-
space regions 135  Direct measure ... ... 126 hi?l-)
Binary 30 Distributive property . 35, 38, 65, 81 kilo-
Bisect 118 Dividend 37 milli-
Braces . . o6 Division .o e 37 Graph ... o 14l
X bar e e . 141
decimals .. oo 16 circle .. 142
Cardinal number ... . ..........9 lfrr:ec;l:::al numbfr 61;1: histogram 43
Celsius (centigrade) .. 128 measurement .. 38 l'f“’i . . :::
Center ... 110 partitive 38 picto
: whole numbers .. ... ... 37 3
Central tendency . . .. .. oooee 143 .. Hexagon . ... - N
Divisor Y .
Chord ... oo 110 Histogram 143
Grcrle C e s }:g Element Identity elemsnt .. ... .. 31,35, 65, 81
arc . Jinder .. L 114
area . 134 :Z‘m_ er o __'I 6 Inditect measure . . 126,138
cebg‘f; - v Il:g Inequality
zirc:lmfe:;;rzew 132 Eitipse 1 (sce Set non-cquivatent)
diameter . oo 110 Endpoint ... 102 Integers 12,66
Circumference . ..coneo oo 132 English system of measure  128-129 negative e 66
Closure property . ... . 31,133,135, Equation s e B positive . e 66
38, 65, 81 (see Mathematical sentence) Interiot oo oo e o 110,113
O
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Intersection .
line
plane . .
point of . .. ..

Inverse ... .
additive .
element .
multiplicative
operation

Lateral area
cylinder
prism
pyramid

Latitude
Leg

Line
intersection
symmetry

Line segment

Liter
centi-
deca-
deci-
hecto-
kilo-
milli-

Longitnde

Mathematical model

104
104
105
104, 106

. ... 68

. 30, 68, 81
65

65

30, 33, 37,62

136
{35
135

140
114

102
104
109

102
129

. 140

156

(see Mathematical sentence)

Mathematical sentence
Mean, arithmetic
Measure
Measurement

systems

types
Mudian .
Menber of set
Meridian, prime

Meter .. .
centi.
deca-
deci-
hecto-
kito-
miili-

Metric system of measure

Mode
Multiple
Multiplc, least common
Q
ERIC
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143
.. 125

- 125
128
128

144

. 140
129

128-129
144

35

14

Multiplication 35
chart ... 36
decimals . 75
fractional numbers 59,73
integers .70
whole numbers 35

Negative 12

Number s 7
cardinal 9
complex 1S
composite 13
counting . 11
even 13
fractional 12
imaginary 15
integer 12
irrational . 12
natural 11
negative 12
odd 13
ordinal 9
prime 13
property 7
rational 12, §2
real ... . 13
theory t3
whole 11

Number line . . 43,55,67

Number sentence - . 1
(see Mathematical sentence)

Numerals 20

Numeration system 20
decimal 20
Egyptian ... 24
Hindu-Arabic 20
non-decimal .23
Roman . . . 24

Numerator 53

Octagon 13

One, properties . . 4

One-to-one correspondence 6

Open sentence . 8

Opetations 30

Opposites 68

Otder . ]
fractional numbers 56
integers . 67

Ordeted pair 52,77

Ordinal 9

Parallel
line 107
plane . 107

Parallelogram . 12

182
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Pattern
Path, closed
Pentagon
Percent
Perimeter

Perpendicular
line
plane

Pi
Place value

Plane .
figure
region

Point

Polygon
area . .. .
perimeter
regular

Power .
Precision

Prism

Problem solving
Product .

Properties
addition
division
multiplication
one . . . .
sihtraction

Proportion
Pyramid

Pythagorean theotem

Quadrant
Quadrilateral

Quotient

Radius

Ratio

Ray . ..
Reciprocal
Rectangle
Rectangular region

Region
solid
space .

Relatively prime

31,60
104
112
8
131

106
107

132
21

103
110
113

102

111
. 133
132
111

23
127
114,136
““““ . 153
35

31, 65,81

. 38, 65, 81

35. 65, 81
54
33,65, 81

78
114,137
12

141
112
37

110
77
103
62. 81
112
60-61

114
114

56



Remainder

Scale drawing

Set ..
disjoint
element
empty . ...
equal
equivalent
finite
infinite ... .
intersection
member ..
non-equivalent
separation
subset
union .

Similaray
Skew
Solution

Space
figure
region ...

Sphere
Square

Square root .
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113
114

113

L 112

40

Statistics . oo - e 142
Subtraction e 33
decimals . . PR .1
fractional numbers 59,72
integers . e e 69
repeated s 37
whole numbers . .. .. ... ... 33
Sum . . - - v 30
Sviface . ... ... ... 113
closed ... . ... 113
lateral ... e e 114
Symbols .. ... .. 20,180
Symmetry .. ... .o 109
axis . . e e 109
line . T 109
plane ... R B 1
Trapezoid ... ... ... 112
Triangle . e B 3!
acute . e 112
equiangular R 111
equilateral . ... ... .. i
jsosceles P 8 § |
obtuse .. . ... .. oo 112
right e 12
scalene ... ... ...l 1E
183

189

Unary

Union
plane region
sets
space region

Unit of measure
angular . .
acea
counting
dry ...

tength .

liquid

standard
temperature
time
volume
weight

Variable
Vertex . .

Volume .

rectangular prism

regular pyramid
right circular cone

113

114

. 125

128

128

128

. 128

128
128
126
128
128

128
128

103,

.8
114

. 136

right circular cylinder . L

Zeto 9, 22, 33, 35, 38, 65, 68, 81

136
137
138
137
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